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Abstract. We construct generalized multicategories associated to an arbitrary 
operad in Cat that is E-free. The construction generalizes the passage to symmet¬ 
ric multicategories from permutative categories, which is the case when the operad 
is the categorical version of the Barratt-Eccles operad. The main theorem is that 
there is an adjoint pair relating algebras over the operad to this sort of general¬ 
ized multicategory. The construction is flexible enough to allow for equivariant 
generalizations. 
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Part 1 

Introduction and constructions 



1. Introduction 


This paper describes a new construction for multicategories that generalizes the 
notions of both symmetric and non-symmetric multicategory in the literature. While 
not as general as Cruttwell and Shulman’s construction in [1], we are able to give a 
left adjoint construction to algebras over the operad that controls the construction. 
This generalizes the free strict monoidal category construction for non-symmetric 
multicategories and the free permutative category construction for symmetric mul¬ 
ticategories. The only hypothesis necessary for the new construction and the left 
adjoint is the S-free property on the controlling categorical operad; that is, the nth 
category of the operad must have a S„-action that is free. The special case in 
which Dn is the discrete category gives the usual construction of non-symmetric 
multicategories, and the special case of the categorical version of the Barratt-Eccles 
operad gives the usual construction of symmetric multicategories. 

Our construction is motivated by Leinster’s work in [T], where he showed that 
monads on certain categories such as sets or categories, subject to a few hypotheses, 
could give rise to generalized multicategories; however, he did not fit symmetric mul¬ 
ticategories into his framework. It is also motivated by the work of Guillou and May 
in |3], in which they described how algebras over categorical operads in an equivariant 
setting could give rise to genuine equivariant spectra. However, they did not consider 
any associated theory of multicategories. Such a theory would be a generalization of 
the theory given in [2] by Mandell and the author in the non-equivariant setting, in 
which we showed that the spectrum determined by a permutative category depends 
only on its underlying (symmetric) multicategory. The present construction does 
generalize Leinster’s to the symmetric setting, as well as accounting for the context 
considered by Guillou and May; it also allows for many other examples. Applications 
to stable homotopy are a subject for future work. 

The crucial feature that we exploit in all our constructions is is the presence of an 
operad of categories that is S-free, meaning that the groups not only act, but act 
freely on the associated components of the operad. This freeness is critical: it explains 
the failure of Leinster’s construction when considering strictly commutative monoidal 
categories, and makes clear that the most natural generalization of his construction to 
the symmetric case is to permutative categories, since they are precisely the algebras 
over the S-free categorical Barratt-Eccles operad. We make heavy use of the E- 
free hypothesis, but need to assume nothing more about our categorical operad. In 
particular, we make no use of other properties enjoyed by the Barratt-Eccles operad, 
such as its Eoo structure. 

Our main results are as follows. Given an operad V of categories that is S-free, we 
construct a category of generalized multicategories associated to the monad D given 
by the operad V. We call these D-multicategories. We show that every D-algebra has 
an underlying D-multicategory, and that there is a left adjoint to this forgetful functor 
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back to ©-algebras. In the case in which the operad T> is the categorical Barratt-Eccles 
operad, the algebras are permutative categories, which in turn all have underlying 
(symmetric) multicategories; our construction recovers these multicategories and the 
left adjoint back to permutative categories. 

The most novel feature of the paper is a construction that comes within a whisker 
of being the left adjoint, but fails on exactly one count: the unit map fails to preserve 
the presheaf structure we impose on the morphisms of our sort of multicategory. 
We call this the “provisional” left adjoint, since it does most of the heavy lifting in 
the construction of the actual left adjoint, which is a coequalizer (really a coend) 
constructed from the provisional version. 

The paper is organized as follows. Since the proofs consist almost entirely of 
lengthy diagram chases, these are deferred to the second part of the paper, which 
can be ignored by the casual reader. The dehnition and main constructions, as well 
as the statements of the main results, are in the first part, consisting of the first six 
sections. However, these sections, though rather short, contain no proofs at all. The 
diligent reader will hnd these by perusing the corresponding sections in the second 
part. 

The results of this paper should be considered as proof of concept theorems, 
since there are many other questions about the construction that this paper does not 
address. Perhaps chief among these is the question of producing spectra, especially 
equivariant spectra, from particular instances of the construction. However, this will 
dehnitely require more hypotheses than those we use in this paper, which is long 
enough as is without investigation of further questions. 

It is a pleasure to acknowledge conversations with Mike Shulman on these top¬ 
ics. Conversations with Anna Marie Bohmann and Bjprn Dundas have also been 
stimulating and useful. 


2. Preliminary Constructions 

We begin by describing some preliminary constructions which are necessary for 
our dehnition of ©-multicategories, deferring all proofs to later sections. We hrst need 
some results about categorical operads, and the consequences we will need that follow 
from our S-free hypothesis. 

Given an operad V in Cat, we can form the associated monad © in Cat by means 
of the standard construction 

DC;=]JP„Xs„ C”. 

n>0 

It will be most useful, however, to break this monad up into pieces, using the nerve 
construction N : Cat —)■ Ssets, where the target is the category of simplicial sets. 
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Since iV is a right adjoint, it preserves products and therefore operad structure, so 
NT) is an operad of simplicial sets, and since evaluation at any simplicial degree is also 
a right adjoint, we get the sequence of (set) operads NVq, NVi, NV 2 i .... Associated 
to each we have a monad ©O) Di, 102, ... in Set. Now given a (small) category C, we 
also denote by Co,Ci,C 2 ,... the simplices of the nerve of C, so in particular Cq is the 
set of objects of C, and Ci its set of morphisms. It is now straightforward to see that 
the objects of DC are DqCo and the morphisms are DiCi; higher nerve degrees are also 
given by D„C„. It will be useful to consider mixed uses of these monads, however; for 
example, we will need to consider both DiCq and DqCi. We will make much use of the 
following as a calculational tool; its proof makes crucial use of the S-free hypothesis. 

Lemma 2.1. IfV is T,-free, the monads {Do,Di} give a eategory object in monads 
on Set, which in turn determines the remaining monads D 2 ,D 3 , .... 

We also need the fact that all these monads are what Leinster calls Cartesian. 
We recall the dehnition. 

Definition 2.2. A monad J is Cartesian if it satishes the following properties: 

( 1 ) J preserves pullbacks. 

(2) The naturality diagrams for the product fx : J and the unit 17 ; id ^ J 

are all pullbacks. 

Our hrst basic result is the following theorem; note that since the categorical 
operad V is assumed to be S-free, so are all the set operads NV^. 

Theorem 2.3. The monad associated to a T^-free operad in Set is Cartesian. 
Conseguently, all the monads D„ are Cartesian. 

Our construction of generalized multicategories associated to the monad D in¬ 
volves the use of presheaves. We therefore need to introduce our conventions and 
notation for presheaves, and give the fundamental lemmas about them that will be 
used in the rest of the paper. 

When considering a hber product X Xz Y, we will consider the structure map 
from X to Z to be of “source” type, and the structure map from Y to Z to be of 
“target” type, where the use of “source” and “target” should be clear from context. 
The motto is “source to the right, target to the left.” Our motivating example is to 
be able to consider the composition map in a small category C to be given by a map 


7-^1 X Co ^ 1^1; 

the structure map for the first Ci is the source map, and for the second one the target 
map. With this in mind, we have the following characterization of presheaves. 
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Definition 2.4. Let X be a set, and C a small category. A presheaf structure on 
X consists of a map e ■. X —)■ Cq, together with an action map 

e : X xco Cl ^ X. 


Of course, by an action map we mean the usual coherence conditions of associa¬ 
tivity and unit must be satished. Further, we consider X Xcq Ci to have a structure 
map given by the source on Ci, and we require the action to preserve structure maps 
in the sense that the diagram 

XxcoCi-^--X 

Co 

commutes; this is necessary in order to make sense of associativity. The hbers in X 
over the elements of Cq then form the target objects of a functor from C°p to Set, 
and conversely, given such a functor, the disjoint union of the target objects has a 
presheaf structure as specihed above. 

The category theorists refer to the following concept as a “discrete hbration.” 
Since we will also refer to its dual concept, we will use alternate terminology. 

Definition 2.5. A functor F : C —)■ C' is a target cover if, given f : a' ^ b' in 
C[ and 6 G Co such that F { h ) = 6', there is a unique / G Ci such that F { f ) = f and 
T(/) = b, where T refers to the target function. 




An alternate way of describing this is to say that the following square is a pullback: 


C*!—Co 


Fi 


Fo 


C[ 


c 

On. 


Replacing T with S (the source map), we get the dual notion of a source cover. If a 
functor is both a source and target cover, we will say it is simply a cover. 

The following theorem is our primary structural tool. 

Theorem 2.6. Let D he the monad associated to a T,-free Cat-operad. Then D 
preserves both target covers and source covers (and consequently covers.) 


It will be surprisingly useful to apply this theorem to functors between discrete 
categories, which are all covers. However, our most fundamental use is to prove the 
following theorem, whose following corollary is basic to our dehnition of generalized 
multicategory. Again, D is the monad associated to a S-free Cat-operad. 
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Theorem 2.7. Let X have the structure of presheaf over a category C with struc¬ 
ture map e : X ^ Cq. Then DqX naturally supports the structure of presheaf over 
DC with structure map Dge: : DqX —)■ DoCq. 

Corollary 2.8. If X supports the structure of presheaf over then DqX 

supports the structure of presheaf over D^’''^(=t:). 


3. The Definition of D-mnlticategories 

We are now in a position to define generalized multicategories associated to a 
S-free operad V, which we call D-multicategories after the associated monad D. To 
define a D-multicategory M, we require the following data: 

(1) A set Mq of objects. 

(2) A set Ml of morphisms, which must come equipped with a specified presheaf 
structure over D(=t:). 

(3) A target map T : Mi —)• Mq, which must be a presheaf map over the terminal 
functor £ : D(=t:) —)■ *. 

(4) A source map S : Mi —)■ DqMo, which must be a map of presheaves over 
D(*). The presheaf structure on DqMq is given by Corollary 12.81 

(5) A unit map I : Mq —)■ Mi which must be a presheaf map over the monadic 
unit map * —)■ D(*). 

(6) A composition map, to be described in detail below. 

It may be helpful at this point to explain how this works in the case of the 
categorical Barratt-Eccles operad, whose algebras are the permutative categories. 
Each permutative category has an underlying symmetric multicategory, which this 
formalism is designed to capture. The component categories of the operad are the 
categories whose objects are the elements of and with exactly one morphism 
for each choice of source and target. The category D(*) then has objects the natural 
numbers (including 0), and the only morphisms are elements of automorphism groups, 
which are isomorphic to for each n. The presheaf structure on the morphisms 
of a symmetric multicategory then consists of actions of the on the morphisms 
with sources lists of length n, with the action permuting the order in which the 
source objects are listed. Composition involves concatenation of lists. The monad Dq 
associates to a set the set of lists of elements of the set; that is, it is the free monoid 
monad. It is now clear how DqX is a presheaf over D(=t:) in this instance. 
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The only one of our general data still to be described explicitly is the composition 
map. We dehne the composables M 2 as the pullback in the following diagram: 


M2-^Mi 


s 


s 

'' 


DqMi DqMo, 


so we can also write M 2 = Mi DqMi, with the maps T and S in the diagram 

given by projection to the hrst and second factors, respectively. Since Corollary 12.81 
tells us that DqMi is a presheaf over D^(*), M 2 inherits that structure, and T : M 2 —)■ 
Ml, like DqT" : DqMi —)■ DqMo, is a map of presheaves over De : D^(=t=) —)■ D(*). The 
composition map we require as part of the data of the multicategory M is a map 

7 : M 2 Ml 

that is a map of presheaves over the monad multiplication /i : D^(*) —)■ D(*). This 
completes the specihcation of the data for a D-multicategory M. 

Of course, we also require properties for these data. For the data other than the 
composition map, these amount to the commutativity of the diagram 


Mo 



DodTo < g Ml ^ ^ Mq, 


where 7 is the unit for the monad Dq. 

The remaining properties involve the composition map 7 . First, we require that 
it preserve sources and targets, in the sense that the two diagrams 


M 2 Ml and M 2 — 


DoMi ^2 


7 
Ml 


T 

Mo 


7 

Ml 


Do Mo 
Do Mo 


must commute. Note that the second diagram captures the idea that sources of 
composites in a multicategory are given by concatenation of sources: this is the role 
of the monad multiplication map /i in the diagram. 

Next, we require that 7 be unital, and we can write this most easily by using the 
expression Mi DoMi for M 2 . The unit conditions now can be expressed by 



















12 


requiring that the diagram 



commute. 

It remains to specify the meaning of associativity for 7 . To do so, we hrst introduce 
the pullback 


M3-^Ms 


s 


s 

'' 


D0M2-^DqMi, 

IDoT 


where we think of M 3 as giving the associativity data for M. It is a presheaf over 
by construction, S : M 3 —)■ D 0 M 2 is a map of presheaves over ]D)^(=t:), and 
T : M 3 —)■ M 2 is a map of presheaves over the functor : D^(*) —)■ D^(=t:). We 
have two induced composition maps M 3 —)■ M 2 which we think of as composing in 
either the first two (target) slots, or the last two (source) slots. For composition in 
the target slots, the commutative diagram 


M3 —^ M2 —^ Ml 


D0M2 

DoS 

DgMi 

DqMi 



gives us the induced map 7 ^ : M 3 —)■ M 2 , which the left vertical maps in the dia¬ 
gram tell us is a map of presheaves over the functor jj, : D^(=t:) —)■ D^(=t:). Next, the 
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commutative diagram 


M3 —^ M2 —^ Ml 


© 0 M 2 


©oMi 



gives us the induced map 75 : M 3 —)■ M 2 , in which we compose in the last two 
slots; the left vertical maps tell us that it is a map of presheaves over the functor 
D/i : D^(=t:) —)■ D^(=t:). Our associativity condition is now the requirement that the 
diagram 


M3^^M2 


is 


7 


M2 —Ml 


must commute. This completes the dehnition of a D-multicategory. 


4. The Underlying D-mnlticategory of a D-algebra 


In this section we give the construction of the underlying ro-multicategory of a 
ro-algebra. We defer the proofs that it actually satishes the necessary properties. 

Suppose given a D-algebra C, so C is a category together with an action map 
^ : DC —)■ C. Since D determines (and is determined by) the category object {Do,Di} 
in monads on Set, this is equivalent to having a Do-algebra structure .^0 : © 0^0 —t Co 
and a Di-algebra structure .^1 : DiCi —)■ Ci which determine a functor. We use this 
structure to dehne an underlying D-multicategory UC. 


For the objects (UC)o, we just use the objects Co of C. For the morphisms, 
we exploit the fact that we have the action map : DoCq —)■ Co to dehne (UC)i 
by means of the following pullback square, which also dehnes a comparison map 
Ki (UC)i —y C\. 


(UC)i 

s 

DqCo 


Kl 


•Cl 


?0 


■Co 


For the target map T : {UC)i —)■ {UC)q = Co, we compose Ki with the target map 
T ; Cl —)■ Co in C. In the case of permutative categories, this dehnition simply 
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says that a morphism in the underlying multicategory consists of a morphism in the 
category together with a specihed decomposition of the source as a direct sum. 

We must provide a presheaf structure on {UC)i over D(*), and it is not merely 
the pullback of the presheaf structure on DqMo, since that would not preserve the 
comparison map Ki. We exploit the following basic connection between presheaves 
and target covers, whose proof appears in Section |8l 

Theorem 4.1. Let F : C ^ C be a target cover. Then a presheaf structure on X 
over C with structure map e ■. X ^ Cq is equivalent to a presheaf structure on X over 
C with structure map e' \ X ^ C'^ together with an explicit factorization e' = Fq o e. 

The presheaf structure on UCi can now be described using the characterization of 
presheaves from Theorem 14.11 We start with the discrete category Cq generated by 
the set Co, and observe that the terminal map e : Cq —?• * is a cover. Consequently, by 
Theorem 12.61 so is the functor De : ID)(Cq) —)■ D(*). In particular, a presheaf structure 
on UCi over D(*) is equivalent to a presheaf structure over D(Cq), which we describe 
as follows. Note that the objects of D(Cq) are DqCo and the morphisms are DiCq. 
Since UCi '.= C\ Xcp DqCo, we have 


UCi XbqCo DiCo = Cl Xco DiCq. 

In the following composite dehning the presheaf action map, we exploit the fact that 
the monad action is a functor; in particular, the diagram 


DiCi 

a 

Cl 


SnS 


'o^^o 

io 


C, 


0 


induces a map 


DiCi^^^Ci XcpDoCo 

that preserves the structure map of target type to Cq. We now express the presheaf 
action map on UCi as the composite 


UCi XjjpCo — Cl Xc'p DiCq -^ Ci Xcp DiCi 


1 x(^i,SdS) 


Cl Xco Cl Xcq ©oCo 


7cXl 


Cl Xco DqCo = UCi. 
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For the identity map {UC)q = Cq —)■ {UC)i, we note that the diagram 




J’oCo ^ Co 
?0 


commutes, since both composites coincide with the identity on Cq. We get an induced 
map luc : Co —)■ Cl Xco DqCo — (^C)i. 

Before constructing the composition map 7f/c, we pause to introduce the com¬ 
parison maps Kn : {UC)n —t C^; we will need the case n = 2 for the dehnition of 
7 f/c and the case n = 3 for the verihcation of associativity. Note first that since 
{© 0 , ©i} is a category object in monads on Set, we have a composite identity natural 
transformation Jp : ©o —)■ ©n for each n. We assume for induction that the diagrams 


UC„ 


C 


UCn-i and UC. 

n—1 S 


. c 


Cn-l 


^0 


UCn-U 




d^n—1 £ l®n— iCn—1 ~ ^ C^_l 

71 Sn —1 


both commute; this is true for n = 1 with the convention that Kq = idco- Now 
assuming the previous Kj have been dehned for j < n, and supposing n > 1, we 
dehne a„+i by means of the following commutative diagram, which induces a map to 
the pullback C„+i = C„ Xc„_i C„: 


UCn+i UCn > C,, 



The right part of the diagram commutes by induction, and the left stack from top to 
bottom as follows: the top square dehnes f/C^+i, the next one combines an inductive 
hypothesis with the fact that Dq is Cartesian, the one below it follows from targets 
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of identities being the object, and the bottom because ^ : DC —)■ C is a functor. It is 
straightforward to see that the inductive hypotheses are preserved. 

Now to dehne the composition map 'yuc '■ {UC )2 —t {UC)i, we use the following 
commutative diagram, which dehnes a map from {UC )2 to Ci DqCo = {UC)i: 


{UC)2 --- C 2 Cl 



This completes the specihcation of the data for the underlying D-multicategory UC. 

5. The provisional left adjoint construction 

In this section we introduce the construction of a D-algebra LM associated to a 
given D-multicategory M that is almost, but not quite, a left adjoint to the forgetful 
functor. The construction is functorial, and there are unit and counit maps satisfying 
the triangle identities. The only flaw is that the unit map fails to preserve the presheaf 
structure. Our actual left adjoint, LM, will be constructed as a quotient of LM, and 
will inherit all the left adjoint properties as well as satisfying the requirement that 
the unit actually be a map of D-multicategories. 

The idea of LM in the case of ordinary (symmetric) multicategories and their 
associated free permutative categories is that the objects of LM (and LM) in this 
case are given by the free monoid on the objects of M: 

LMo = LMo ;= Mo” = DoMq. 

n>0 

We adopt the principle that for any D that we are considering, we also want LMq : = 
DoMq. The problem is specifying the morphisms. In the case of classical symmetric 
multicategories, a morphism from one list {ai,..., am) to another {bi,..., bn) is speci- 
hed by a function m} —)■ {1 ,..., n} together with an n-tuple of morphisms 

{4>i)'i=i of M, where 

<Pi '■ {0'j)f{j)=i h- 

The problem is that the entries in the list (aj) f{j)=i are given in natural number order, 
and there is no way to capture this in our formalism. Another way to look at the 
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problem is that we can certainly capture the idea of a list of morphisms as an element 
of Dq^I) but we also need to permute the elements of the source in a compatible way; 
what the function / does is permute in such a way that the inputs to the individual 
morphisms in the list have their order preserved. Instead, we will allow the elements 
of the source to be permuted arbitrarily as part of the data for a morphism, which 
means that each morphism in the actual left adjoint will be represented in many 
different ways. We will then identify the ones that do represent the same morphism 
by means of a coequalizer construction. The construction of LM, however, simply 
allows the entries to be permuted arbitrarily without identifying morphisms, and 
this is the essential difference between LM and LM. We turn now to the actual 
construction of LM. 

We have already specihed the objects LMq as DqMo. The morphisms are given 
as the pullback in the following diagram: 


LMi DqMi 


s 


h 

I 


DiMo > DqMo, 
jd 


so we can write 


LMi = DqMi XjjqMo DiTfo. 

The intuition here is that the elements of DqMi correspond to lists of morphisms, 
and the elements of DiMq attach permutations to them in a compatible way. This 
may be clearer if we realize that we have a pullback diagram 


DiMo^^DqMo 


©1 (*) 



Do(*) 


that can be pasted onto the bottom of the given diagram, giving a pure permutation 
in the lower left corner. (The diagram is a pullback because we can think of e as 
giving a cover functor from Mg to *, and then using the fact that D preserves covers.) 
However, the actual diagram given is much more useful for specifying the source of a 
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morphism. In particular, we may extend the diagram as follows, 


LMi DoMi ©oMo 


DgMo 


iMq > DqMo 

J-n 


Sm 

DqMo, 


in which the top horizontal composite defines the target map for LM and the left 
vertical composite dehnes the source map. 

We specify an identity map / : ©o^o LMi by means of the pullback construc¬ 
tion of LMi. examining the diagram 


©oMo ©oMi 

Bo S’ 
©qMq 

©iMq > ©0 ^0) 

-/© 


we see that both composites coincide with the identity on DqMo, so the diagram 
commutes and we get a map to LMi. 

To construct the composition, we start again with 

I/Ml — ©0^1 XoqMo DiMq, 

from the pullback diagram dehning LMi. We then have 

I/M2 := I/Ml XbqMo LMi — ©oTIi XpqM'q ©iMq ©oMi ©iMq. 

The hrst step in the composition is the identihcation of the two terms in the middle 
as ©iMi; this is a consequence of the pullback diagram 


©iMi ©iMo 

Sb Sb 

©oMi-^ ©oMo. 

BoT ^ ^ 
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This diagram is a pullback because we can think of T : Mi —)■ Mq as a functor 
M'[ —)■ Mg, which is a cover since the categories are discrete, and then use the fact 
that © preserves covers. We get an isomorphism 


©iMo XdqMo ©0^1 


{OiT,Sii) 


©iMi 


that preserves the structure maps to ©oMq of both source and target type. Next, we 
exploit the commutative diagram 


©iMi > ©oMi 



©iMo ——^ ©0^0- 
J© 


We abbreviate the left vertical composite as 6, and we obtain a map {To, 9) : ©iMi —)■ 
©oMi XoqMo ©iMq. This map also preserves the structure maps of both source and 
target type; the preservation of target type structure maps is a consequence of the 
commutative diagram 


©iMi 

PiT 

©1 Afg 


-©oMi 

BoT 

■ © 0 ^ 0 , 


and preservation of source type structure maps follows from the commutative diagram 


©iMi > ©oMi 
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THe net result of these two steps is to produce what we think of as an interchange 
map X : ©iMo Do^i DqMi XdqMo dehned by the zig-zag involving an 

isomorphism as follows: 

DiMq XjjqMo — DiMi-^ XpqM'q DiMq. 


We will also need the fact that both squares in the diagram 


D 0 M 2 DoMi 

Do 5 

i 

D^T 

©gMi DgMo 




©O-^l -^ DgAfg 

BqT 

are pullbacks, since ©0 is Cartesian, so 

DqMi XdoATo ^qMi = D0M2. 
We also need the fact that the diagram 

D 2 M 0 DiMo 


Sb 


Sb 


©iMq > © 0^0 

J-B 


is a pullback, since it just expresses the composables in ©(Mq), so we have 

©iMo XbqMo ©iMq = D2M0. 

We can now express the composition in LM as the composite map 

LM 2 = ©qMi XpqMo ©iMd XpqMo ©od^l XpqMo ©iMq 
1x(DiT,Sb)x1 

^^-DqMi XdqMo ©iMi XdqMo ©iMq 


ix(rB,0)xi 

-^ DqMi XdqMo ©od^l XdqMo ©iMq ©id^o 

— © 0^2 XDqMo ^2^0 -^ ©oMi XpoATo ©id^O — LMi. 

Note that the middle two arrows can be also written as 1 x y x 1. It is not supposed 
to be obvious that this captures the idea of composition in the intuitive description 
of LM given above; however, it is the most convenient description for verification of 
its formal properties. 
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We now claim the following as the major result about LM: 

Theorem 5.1. The category LM supports the structure of a 3-algebra. There is 
a natural map of 3-algehras e : LUC —)■ C for any 3-algebra C, and there is a map 
rj : M ^ ULM for any 3-multicategory M that satisfies all the properties of a map of 
3-multicategories except preservation of the 3{*)-presheaf structure on morphisms. 
Both adjunction triangles commute. 

We defer the proof, as with those of all previous claims. 

6. The actual left adjoint 

The actual left adjoint, which we denote by LM, is a quotient of LM. In partic¬ 
ular, we define LMq := LMq = DqMo, and we define LMi by means of a coequalizer 
diagram with target LMi, displayed schematically as follows: 

DqMi DqDiMo XopMo 3iMq DqMi Xo^Mq 

where the target expresses LMi. We then define LMi as the coequalizer of the 
diagram. The intuition in the case of classical symmetric multicategories is that the 
middle term in the source of the two arrows displays tuples of permutations that can 
be attached either to the tuples of morphisms in the front, or the total permutation 
in the back, and the result should be the same either way they are attached. The two 
arrows record these two ways of attaching the lists of permutations. 

To describe the first arrow, in which we attach the list of permutations to the list 
of morphisms, we give a presheaf structure on Mi over D(Mg) equivalent to the one 
assumed over D(=t:) by exploiting Theorem 14.11 and the fact that S : Mi —)• DqMo is a 
map of presheaves over ©(*). Since S' is a map of presheaves, we have a commutative 
triangle 

Ml-^^ DqMo 

Do(*). 

But DoS : ©oMo —)■ ]D)o(*) is the map on objects of the target cover De : D(Mq) —)■ 
ro(=t:), so Theorem 14 .1 1 tells us that the presheaf structure on Mi over D(*) is equivalent 
to one over 3{Mq) with structure map S. In particular, we get a presheaf action map 

Ml XjdqMo DiMq -^ Ml. 

This gives us a composite 

Bo'i/’ 




DqMi Xp2^p DqDiMo = Do(Mi Xd^Mq ^iMq) 


3oMi 
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that induces the first map to be coequalized. 

The second arrow is easier to describe: it is induced by the composite 

Do©iMo XbqM'q ©iMq -^ D^Mq XjjqMo DiTfo 

-^ DiMq XjjqMo DiTfo -^ DiMo. 

We now define LMi to be the coequalizer of the two arrows described, and our 
main theorem is as follows. 

Theorem 6.1. The coequalizer LMi gives the morphisms for a -multicategory 
LM, and the construction L is left adjoint to the underlying '^-algebra construction 

U. 



Part 2 

Proofs 



7. S-free Categorical Operads and Their Associated Monads 


The proofs of our claims start in this section. We begin by explaining the con¬ 
sequences of the S-free assumption on a categorical operad that we will use. The 
S-free hypothesis is always used in the context of the following fundamental proposi¬ 
tion, which is no doubt well-known to the experts. 

Proposition 7.1. Let G be a discrete group. Then passage to orbits from the 
category of G-sets to the category of sets sends pullbacks of free G-sets to pullbacks 
of sets. 

Proof. Suppose given a pullback diagram of free G-sets 



We wish to show that the diagram of orbits 

A/G B/G 

j/G h/G 

G/G D/G 

is also a pullback. So suppose given orbit classes [c] G G/G and [6] E B/G such that 
[/c(c)] = [h{b)] in D/G; we wish to show that there is a unique orbit class [a] G A/G 
such that [/(a)] = [ 6 ] and [j(a)] = [c]. Since H is a free G-set, there is a unique 
g E G such that k{c) = g ■ h{h) = h{g ■ h). Since the first square is a pullback, there 
is a unique a E A such that /(a) = g ■ b and j(a) = c, and consequently [/(a)] = [ 6 ] 
and [j(a)] = [c]. This establishes existence. For uniqueness, suppose there is also 
a' E A such that [/(a')] = [ 6 ] and [j(a')] = [c]. We need to show that [a] = [a']. Since 
[/(a)] = [/(a')], there is a unique gi E G such that /(a) = gi ■ f{a') = f{gi ■ a'), and 
since [j(a)] = [j(a')], there is a unique g 2 E G such that j(a) = g 2 ■ j{a') = j{g 2 ■ a'). 
Now we have 

gi ■ kj{a') = gi ■ hf{a') = hf{gi ■ a') = hf{a) = kj{a) = kj{g 2 • a') = g 2 ■ kj{a'). 

Since the action of G on H is free, it follows that gi = g 2 . We now have 

/(a) = fihi ■ a') and j{a) = j{g 2 ■ a') = j{gi ■ a'), 

so since a and gi ■ a' have the same images under both / and j, we see that a = gi- a'. 
Therefore [a] = [o'], and uniqueness is established. □ 
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This allows us to prove Lemma ITTI which says the set-monads {Do,Di} give a 
category object in monads on Set that generates the remaining monads D 2 , D 3 ,.... 

Prooe. Since V is an operad of categories, the operad structure maps commute 
with the category structure maps, so we can just as well consider V a category 
object in operads (in Set.) Since a category object is dehned by diagrams and a 
pullback condition dehning the composables, any functor that preserves pullbacks 
also preserves category objects. The passage from the operad V to the monad D 
involves products, which preserve pullbacks, and orbits. However, we are assuming 
the groups act freely on and therefore the orbit functor is being taken only 
on free sets, and orbits of free actions do preserve pullbacks, from Proposition 
17.11 Consequently {]D)o,Di} does give a category object in monads on Set. Since 
the higher monads D 2 ,D 3 ,... are also produced by pullbacks, they are the further 
components of the nerve of this category object. □ 

We turn next to showing that all these monads are Cartesian. Since all the operads 
Vn are S-free, this follows from Theorem 12.31 whose proof is as follows. 


Prooe. Let’s call the operad J and its associated monad J; we must hrst show 
that JJ preserves pullbacks. Certainly the assignment 

preserves pullbacks, since it is a left adjoint. Since J is E-free, Proposition 17.11 now 
shows that 


X^JnX^^ X^ 

also preserves pullbacks. Finally, coproducts preserve pullbacks in Set, so 

n>0 

also preserves pullbacks. But this is the dehnition of JX, so J preserves pullbacks. 

Next, we observe that the naturality diagrams for the unit are all pullbacks. For 
a given / : X —)■ P, we get the naturality diagram 


X 


/ 


n 


Y 

V 


J/ 


]ln>0'^n Xs„ 
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which restricts on the images of the unit maps to 

f 

X—^Y 


X 


f 




which is trivially a pullback. 

To see that the naturality square for the product p is a pullback, we examine the 
square 


llfc>0 XSfc (lJn>0 ^ ljfc>0 X Sfc (lJn>0 Xs„ 


lln>0 Xs„ X''' 


J/ 


lln>0 Y^ 


Let’s write a typical element in the upper right corner as [a; bi, yi,..., bk, yk], and a 
typical element in the lower left [c,x], with the understanding that x and all the y’s 
are lists of elements. We need to show that if these two elements map to the same 
one in the lower right, then there is a unique element in the upper left mapping to 
them. So we assume that the images are the same. But [a;bi,yi,... ,bk,yk] niaps 
to [y{a]bi,... ,bk),y], where y = (|/i,...,|/fc), while [c,x\ maps to [c,fx], with the 
obvious interpretation of fx. Since the operad is S-free, there is a unique element 
a G such that 

c = 7(a;6i ,... ,bk) ■ a, 
so 

[c,x] = [7(0; 6i.. .,bk),a- x] 

and 

[c, fx] = [7(0; &i,..., bk), a- fx] = [7(0; 61,..., bk), f{(J ■ x)]. 

Now if we partition the entries in a • a; according to the dimensions of 61,..., 6^ into 
((a • x)i ,..., (a • x)k), we can construct the element 

[a; bi,{(j ■ x)i,..., bk, {a ■ x)k] E 

which maps to each of the elements chosen originally. This establishes existence for 
an element in the upper left corner. 

For uniqueness, suppose we have given two elements, 

[a; bi,xi,..., bk, Xk] and [a'; b[, x[,..., b[, x[], 

both mapping to the same pair of elements in the upper right and lower left corners 
of the diagram. Let’s call the images in the upper right 

[a; 61,1/1,..., bk, yk] and [a'; b[, y[,..., b^, y^]. 
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Now by freeness, there is a unique cr G such that a' = a ■ a, from which we get 
[a , 6i, j/i,..., 6^,, [o, j ■ ■ ■ j ^a-^(k)i 2/(t“1(A:)]• 

Next, again by freeness, there is a unique Tj G for each 1 < j < k such that 
^CT-i(i) — which can also be written h[ = Now using May’s notation 

cr(ji,..., jfc) from [ 5 ] (to be precise. May uses cr(ji,..., Ja:)) for the permutation that 
permutes blocks of size ji,..., jfc in the same way a permutes letters, we have 

y(a , 6]^, . . . , 6^) ■ < 7 , ■ 'Ta{l)i ■ ■ ■ 1 ba{k) ■ 7cr(fc)) 

= 7(a; 6i • Ti,..., • r^) ■ cr(ji,... Jk) 

= 7(a;6i, • • •, &fc) • (n © • • • © ta,) ■ aO'i,... ,jk)- 
Mapping both elements to the lower left corner, we now see that 

[7(0; 61,..., bk),x] = [7(0', b [,..., 6fc), t'] 

= [7(0; • • -^bk), (ti © • • • ©Tfc) • cr(ji,.. .Jk) ■ x']. 

By freeness, this means that 

T = (ti © • • • © Tfc) ■ cr(ji, ...Jk)-x' = (ri • . . . , Tfc • 

where we have partitioned x' into blocks of the correct size for a{ji,... ,jk) to act. It 
follows that for 1 < i < k, 

Xi = Ti ■ l(i)- 

Now we can compute: 

[a'; x;,..., 4] = [a ■ a, b[, x\,..., b[, x'^] 

= [a; ..., ^^-pA;), 

= [a; • Ti, ... ,bk ■ Tk, x'^-if^j^^] 

[a, 61, Ti • ... ^bki Tk ' a^(j-i(A)] 

[a, 61, Xi ,..., bkj Xk]- 

This establishes uniqueness, and therefore J is a Cartesian monad. □ 

8. Presheaves and Cover Functors 


This section is devoted to the proofs of all the statements we will need concerning 
cover functors and their relation to presheaves. Recall that a target cover is a functor 
F : C ^ C' for which the square 
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is a pullback, and a source cover is a functor in which the pullback condition applies 
to the analogous square in which the target maps are replaced with source maps. 
We have the following consequence for all the squares in the map of nerves. The 
analogous statement holds for source covers, with the same proof. 

Corollary 8.1. If F : C ^ C is a target cover, then all the squares 


C 


C _ 

rp 


Cn-1 

Fn-l 

C' 

'^n-1 


are pullbacks for n > 1 . 


Proof. The case n = 1 is the dehnition of a target cover. Suppose for induction 
that the conclusion holds at n — 1 . In the following diagram, the top, central, and 
bottom subsquares are then pullbacks: 


a-^ 



It now follows that the outer square is a pullback, establishing the claim. □ 

Theorem 14.11 gives the key connection between presheaves and target covers: 
presheaves over the two categories connected by a target cover are essentially equiva¬ 
lent; all they need is to have their structure maps factor through the map on objects. 
The proof is as follows. 

Proof of Theorem 14.11 Since F is a target cover, we have an explicit isomor¬ 
phism 

Now an explicit factorization e' = Fqo e gives us an explicit isomorphism 

IxfqFi 


X X Co Cl 


^Xc'Cj, 
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and the correspondence between presheaf action maps is given by the requirement 
that 

1X Fi 

XxcoCi-^--Xxc'C; 


X 

commute. Equivalence of the unital conditions for the two actions are a consequence 
of the commutative diagram 


cXo 



0 -0 
Ixl 


« X X «' 

and equivalence of associativity is a consequence of the commutative cube 

IXIM 


^ Xco Cl Xco Cl 


«xl 


X X Co Cl 


X Xcq Cl 



□ 


We begin our use of Theorem 14.11 with the following trivial and very useful corol¬ 
lary. 

Corollary 8.2. Let F : C ^ C be a target cover. Then Co is naturally a presheaf 
over C. 


Proof. First, Cq is a presheaf over C with structure map idcp. It follows that it 
is also a presheaf over C with structure map To- CH 
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We have the following converse as well. 

Proposition 8.3. Let X be a presheaf over a category C. Then X is canonically 
the set of objects of a category C J X, together with a target cover C f X C whose 
map on objects is the structure map of X as a presheaf. 

Proof. The category C f X is just the Grothendieck construction on the com¬ 
posite functor 

C°P Set Cat. 

It has objects X, as required, and a morphism 0 : a —)■ 6 is a morphism 0 G C(ea, eh) 
for which a = b ■ cf. This can also be expressed by saying that 

(C/X)i:=XxcoCi, 

with target given by the projection to X, and source given by the action map. The 
projection to C\ gives the functor on morphisms, and it is easy to see that this gives 
a target cover with e as the map on objects. □ 


There is a generalization that is sometimes useful, as follows. 

Lemma 8.4. If F ■. C ^ C is a target cover, then C\ is naturally a presheaf over 
C consistent with its left action on itself through composition. 


Proof. First, Ci is a presheaf over C with structure map the source map S : 
Cl —)■ Co, and action given by composition. Therefore Ci is also a presheaf over C 
with structure map Fq o S = S o Fi, and the only issue is consistency with the left 
action of Ci on itself. But we have the action induced by the composition in C, and 
consistency then follows from associativity of composition via the following diagram: 


Cl Xco Cl Cj 


IxlXfpFi 


flXl 

Cl x^' Cl - 

1 1.-0 1 


xfqFi 


Cl Xco Cl xcq Cl 

liXl 

— Cl Xcp Cl 


IXfl 


Cl Xco Cl 

V 

Cl. 


□ 


The presheaf structure on Cq is just the specialization to identity arrows. 

We turn now to the proof of Theorem 12.61 which says that the monads associ¬ 
ated to E-free categorical operads preserve target and source covers, and the basic 
proposition needed is as follows. 

Proposition 8.5. Let G be a discrete group acting freely on a target cover F : 
C ^ C. Then the map on orbit categories F/G : C/G ^ C/G is also a target cover. 
The same is true with “target” replaced by “source.” 
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Proof. First, we note that since G acts freely on C, the quotient category C/G 
has {C/G)o = Co/G and {C/G)i = Ci/G. This is because the composables C2 are 
given by a pullback diagram 


C2—Cl 


s 


s 


Cl 


T 


c 


0 , 


so by Proposition 17.11 we also have a pullback diagram 


C2lG^CilG 


S/G 


S/G 


C,/G^Co/G. 


Consequently the composition map /i : Ci x^q Ci —)■ Ci descends to an induced map 
Ci/G Xco/G Ci/G — Ci/G that gives us the composition of a category, which clearly 
has the universal property needed for C/G. Now the pullback diagram that tells us 
that F is a target cover, namely 


Cl 


•Cn 


Fi 


Fo 




gives a pullback diagram on orbits 

Ci/G 

Fi/G 

CJG 


-Co/G 

Fo/G 

■C'o/G, 


which tells us that F/G is also a target cover. Similarly, passage to orbits of free 
actions preserves source covers. □ 


Proof of Theorem 12.61 First, since both target and source covers are given 
by a pullback condition, they are both preserved by products, and it is obvious that 
the identity functor is a cover. Therefore, if we are given a target (or source) cover 
F : C —)■ C', the induced functor 

X C" ^ X {CT 

is a target (or source) cover. Now since acts freely on it also acts freely on 
both Fn X C” and Fn x (C')"". It now follows from Proposition 18.51 that the induced 
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functor 

(C'r 

is a target (or source) cover. Further, it is elementary that coproducts preserve both 
sorts of cover, so the induced map 

(c'r 

n>0 n>0 

is also a target (or source) cover. But this is precisely the functor DF : DC —)■ DC', 
so we have proven Theorem 12.61 □ 

We can now give the proof of our basic Theorem 12.71 which says that whenever 
X has a presheaf structure over C, DqW has a presheaf structure over DC. 

Proof. Since £ : X —>■ Cq is a presheaf structure map for X over C, we have a 
target cover C f X C for which e is the map on objects. Since D preserves target 
covers, we have the target cover 

D(C / X) ^ DC 

with De as the map on objects. Since the objects of D(C f X) are DqX, it follows 
that they are a presheaf over DC with structure map De. □ 

Corollary 12.81 now follows immediately. 


9. The Underlying D-multicategory: Proofs 


We gave the structural data for the underlying D-multicategory f/C to a D-algebra 
C in Section 01 In this section, we show that these data do satisfy the necessary 
properties to dehne a D-multicategory. First, the formula given for the presheaf 
action really is a presheaf action. 

Theorem 9.1. The composite 

UCi XjjpCo Di^o = Cl Xc'g DiCo-^ Ci Xcq DiCi 


1x(^i,SbS) 


■y/^ X 1 

Cl Xco Cl Xcq ©qCo -^ Cl Xco DqCo = UCi. 


defines a presheaf action on the morphisms UCi of the underlying 3 -multicategory. 


Proof. In order to see that this action is unital, we need the diagram 

UCi = UCi XoqCq DqCo-^ UCi XdoCo ®iCo 
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to commute, where a is the presheaf action map. But by expanding the dehnition of 
(T, this becomes 


Cl Xco DoCo — Cl Xco DiCo c, Xc, DiCi 



If we stop just before the end, at the term Ci XcqCi XcqDoCo, and trace the projections 
to each factor, we hnd that the hrst factor of Ci is identical to the original hrst factor, 
and the DqCo on the end is also identical to the original second factor. For the Ci in 
the middle, we have the commutative square 




lal 


?0 


Cn 


iCi 

Cl 


which shows that all the elements there are identities. Consequently they have no 
effect on the composition that takes place after, so the net result is the identity on 
UCi, as desired. 

For associativity of the action, the diagram we need is a bit too wide to £t on the 
page, so we split it up into two. The left half is as follows: 


Xco ©iCi XjdqCq IDiCo 

1 x(?i, 5 'dS’)x 1 



1^1 Xco DiCo XpgCo DiCo 

IxDi/xBi/ 

Xco DiCi XpgCQ DiCi 

Ix^ix^Q (^ lySiaS ) 


^1 Xco Cl Xco DqI^o XpoCo DiCo Cl Xcq Cl Xcg Cl Xcq DqI^o 

7C X1 7C X 

1x(6AS)oBi/ " 
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and the right half, which is to be glued onto the previous one, is as follows: 

Cl Xco DiCo XoqCo DiCo-^ Cl Xco ©iCq 

IxDi/xDi/ IxDi/ 

Cl Xco DiCi XppCo DiCi-^ Cl Xco ©iCi 

1x^iXJ(j(^i,SdS) 1x(^i,5dS') 

Cl Xco Cl Xco Cl Xco DqCo -^ Cl Xco Cl Xcq DqCo 

7c X1^ 7C X1 

Cl Xcq Cl Xco ID>oCo-^ Cl Xco DqCo- 

The top triangle of the left half commutes by dehnition. The bottom part commutes 
by examining the projections onto each factor of the target, as follows. The projection 
onto the first Ci involves only the Ci x^q DiCi of the source, and either way around 
the diagram gives us 

Cl X Co DiCi -^ Cl X Co Cl - Cl . 

Projection to the last two factors Ci Xcq DqCo involves only the last factor DiCq of the 
target, and either way around the diagram gives us 

D^Co — ©iC/—^Ci Xco DoCo. 

The left part of the associativity diagram therefore commutes. The right half com¬ 
mutes, from top to bottom, by the identity properties of yc, because ^ : DC —)■ C is 
a functor, and because yc is associative. We may conclude that we have dehned a 
presheaf structure on f/Ci. □ 

We must also show that the source map S' : f/Ci —)■ DqCo preserves the presheaf 
structure. The presheaf structure on DqCo is simply that of the objects of D(Co), 
given by the composite 

DqCo XjjqCo DiCq — ©iCq-^ DqCo- 

Further, the hrst part of the presheaf structure map on UCi maps to the hrst part 
of this composite, using the pullback diagram dehning f/Ci, augmented slightly as 
follows, 

UCi Cl 
s s 

lOiCo > DqCo =■ Cq, 
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SO we obtain the commuting diagram 


KlXp 1 

UCi XdoCo ^Co 


5xlj 
XBoCo DiCo 


P2 

1^0. 


It now follows that preservation of the presheaf actions by the source map reduces to 
checking the diagram 


Cl Xco ©iCo Cl Xco DiCi 'Cli^hH^Ci Xco Ci Xc^ DqCo Ci Xco DqCo 


P2 


DiCq 


•S'd 


|P2 

■ ©O^^O- 


But this depends only on the last factors in the hber products, and that reduces to 
the commuting diagram 

DiCo DiCi 



It follows that the source map on UC preserves the presheaf action. 

For the unital property of the structure, recall that the identity map of the un¬ 
derlying multicategory is induced from the commutative square 


Co^^Ci 


©qCo 


So 


■ Co, 


so we get an induced map luc : Co —)■ Ci x^q DqCo = (f^C)i. It is now an easy exercise 
to see that 

Co 

I 

®oCo — {UC)i Co 




commutes. 
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For the remainder of the section, we verify the formal properties of the composition 
law. We must verify that it preserves sources and targets, is unital, and is associa¬ 
tive. To see that the composition preserves targets, we reduce to the corresponding 
property for C by means of the following diagram: 


(UCh - - —► (UC)i 





For preservation of sources, we have dehned so that the diagram 


'luc 


{UC )2 

s 


{UC)i 
s 


BoS -o^o^T-rooCo 


commutes, so 7f/c does preserve sources. 

In verifying the unital properties of the composition, we introduce the notations 
II : Ml —)■ M2 and Ir : Ml —)■ M2 for the composites that appear in the unital 
conditions for composition in any D-multicategory. Specihcally, we use II for the left 
(target) unit map dehned by the composite 


Ml = Mq Xmo Ml 


IXr)V 


Ml XdqMo ©0^1 — M2, 


and Ir for the right (source) unit map dehned by the composite 


Ml = Ml XdqMo ^ Ml XdqMo ©0^1 — M2. 

Note that both triangles 



©oMi 


and Ml — M2 
s 

©oMi 
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commute. To see that 7[/c is left (target) unital, we will need to show that 





commutes, in order to reduce to the analogous property of C. Since C2 is a pullback, 
the square commutes if and only if it does so after composing with the two maps 
S,T : C2 —)■ Cl- Composing with T, we obtain 







Since the two new squares commute, this reduces us to verifying the commutativity 
of the perimeter of the hexagon, which follows from replacing its interior as follows: 





Cl. 


Continuing the verihcation that 'juc is left unital, we now compose the desired com¬ 
parison square with S, and obtain 



Do(f^C)i ——9- ©oCi —©iCi > Cl. 

Dqki /d ?i 
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Again, we have reduced to the question of whether the perimeter commutes, and we 
rearrange the innards to obtain 


{UC),^^C, 



^ ©0^1 —©iCi > Cl, 

IDoki In Ki 

which does commute. The comparison square therefore commutes. We now use it to 
show that 7[/c is left unital, which says that the diagram 


(UC), ^ {UC)2 



(t/C)i 


commutes. Again, since {UC)i is dehned as a pullback, this diagram commutes if and 
only if it does so after composition with ki : {UC)i —)■ Ci and S : {UC)i —)■ DqCo- 
Composing with ki, we obtain the diagram 


{UC)i — {UC)2 — {UC)i 


Ki 


Cl 


—-C2- 

II ^ 7C 


■Cl. 


Since the bottom row composes to idc^, we just get Ki, as desired. Composing with 
S', we get 


(CC)i —^ {UC )2 (CC)i 


Huc)i 


I’oCo 


— 7. —^ I®oCo- 


Again, the bottom row composes to the identity, so we just get S', as desired. It 
follows that 7t/c ° II = id(t/c)i, so ■yuc is left unital. 
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To show that ■yuc is right (source) unital, we proceed in much the same way. First, 
we show that the square 


(UCh 

{UCh 


Kl 


■Cl 


Ir 


1^2 


■Co 


commutes, again by showing that the composites coincide after composing with both 
of S', T : C2 —)■ Cl- Composing with T, we obtain the diagram 


(f/C)i^Ci 



whose perimeter obviously commutes. Composing with S', we obtain the diagram 


{UC) 


1 


DqCo 

Cl 


■Cn 


Uo-Ifyc 


©oCo {UC) 

s 


iR 

2 


Jr 


K 2 


Co 





'^o{UC)i ——9- lOoCi ——^ DiCi > Cl, 

Dqki Jd ti 


whose perimeter commutes by rearranging the insides as follows: 


(17C)i^-©oCo^^Co 


Do/( 7 C 


EDorc 


IV)C 



^o{UC)i ——^ ©oCi —©iCi > Cl. 

Dqki rn ?i 
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The comparison square therefore commutes. We use it to establish the right unital 
condition for which says that 

iUC), ^ iUC)2 



mi 


commutes. As with the left unital condition, we compose with the two maps ki : 
{UC)i —)■ Cl and S : {UC)i —)■ DqCo and verify that the resulting diagrams commute. 
Composing hrst with ki, we get the diagram 


{uc)i m {uc)2 — mi 


Cl 


Ir 


■ Co 


7C 


■Cl, 


and since the bottom row composes to idci, the desired result. Composing 

with S, we get the diagram 


-m {uc)2 (cc)i 



s 

muc)i 


DoS' 


DqCo —-—^ DqCo — z —^ ®oCo 


in which the bottom row composes to the identity. This completes the check of the 
right unital condition for 'yuc- 

It remains to verify associativity for 'yuc- We will need the comparison maps K2 
and ^3 to be compatible with the two composition maps 75,7^ in the sense that the 
two squares 

(CC)3—C3 and (CC)3—C3 

7S IS IT IT 

(.UCh^C, (i 7 C) 2 —C2 

both commute. Despite their formal similarity, the second diagram requires more 
work to verify than the first one, so we begin with the first one. Our strategy in 
both is to compose with the two maps S,T : C2 —)■ Ci and verify the two resulting 
diagrams. 
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Composing the compatibility diagram for 75 with T, we wish the perimeter of the 
diagram 


(CC)3^C3—C 2 



—-Cl 


to commute, so we rearrange the interior to get the commutative diagram 


(UCk ---Ca 



TC)2 —((7C)i—C,. 


Composing instead with S', we wish the perimeter of the diagram 



to commute, but here we can rearrange the interior to obtain the commutative dia¬ 
gram 



(UC)2 —10o(^C)i ——^ DqCi —©iCi > Cl- 
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Next, we verify the compatibility diagram for 7^, and we first compose with T to 
obtain the diagram 





(W),--—-O, 


whose perimeter we want to commute. However, we again rearrange the insides and 
get 


(C/C)s---Ca 



(W)2 —((7C)i—C,. 


Composing with S', we hnd we wish the perimeter of 


iuch 




C3 


s 


C2 


IT 

{UC)2 

s 

Do(CC) 
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to commute. We can fill in the interior with the following, in which we know all but 
the large, irregular sub-diagram at the lower right commutes: 


iuch 



{UC) 2 ^^^{UC\ 


K 3 


Do^2 


D0C2 








"0 


0^1 


—^ irD2C2 

j 2 ^ ^ 

-^ini 



nJiCi 


C3 





s 

Cl. 


And the irregular sub-diagram can be expanded and hlled in as follows: 


Po(t/C )2 --- D0C2 D2C2 ^ C2 



We may conclude that the comparison diagram for 7^ commutes. 

Now we can verify the actual associativity diagram, which we do by again recog¬ 
nizing the target of the diagram 


{UCh — {UC)2 


IS 


7 


{UC)2 — {UC)i 


as a pullback, and composing with the two maps S : {UC)i —)■ DqCo and Ki : {UC)i —)■ 
Cl- Composing with ki results in the following diagram, whose perimeter we wish to 
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commute: 


(t/C)3 — (t/C)2^^C2 



But this follows from the next diagram, in which we use the comparison diagrams 
just verihed: 


(t/C)3 -^-- {UC)2 



Composing instead with S, we get the following diagram, whose perimeter we also 
wish to commute: 

(t/C)3 —(t/C)2 —Do(17C)i 

IS 7 Bo5 


{UC)2 — (UC), ©2^0 



However, this follows from the commutativity of 
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This completes the verihcation of associativity, and therefore UC has all the necessary 
properties of a D-multicategory. 


10. The provisional left adjoint: category strncture 

In this section we show that the dehnition given for the provisional left adjoint 
LM for a D-multicategory M is actually a category. Recall hrst that the morphisms 
LMi are given by a pullback diagram 


LMi 


f 


DqMi 


s 


V 

ttlMo 

I 


DiMo > DqMo, 

Jd 


so we can write 

LMi = DqMi XbqMo DiMq. 

We specify an identity map for LM by means of the commutative diagram 


DqMo 


DqMi 

BoS 

rogMo 

I ^ 


DiMq > DqMo 

J-B 


We see that both composites coincide with the identity on DqMq, so the diagram 
commutes and we get a map to LMi. Further, both composites 

DqMo DqMi DqMo and DqMq DiMq DqMq 

coincide with the identity on DqMq, which verihes the necessary properties for an 
identity map. 
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The remainder of this section is devoted to the formal properties of the composi¬ 
tion on I/M. Recall that the composition map is dehned as the composite 

I/M 2 = ©0^1 XpqMo lOiMo XpqMo IOq^i XppMo lOiMo 
lx(DiT,Se)xl 

^^-DqMi XdqMo DiMi XbqMo DiMq 


ix(rB,0)xi 

-^ DqMi XdqMo XdqMo DiMq DiMq 

— Do ^2 XpqMo © 2^0 -^ ©0^1 XpoATo Di^Iq — LMi. 

We will often think of the hrst part of this construction as being given by an inter¬ 
change map 

X : DiMq x^oMo Dq^i DqMi Xp^ato Di^o 
given by the composite 

DiMq Xpgjvro Do^i — DiMi-^ DqMi XbqMo 


where the map 6 is the composite 

DiMi DiDoMo D^Mo —^ ©iMq. 

We must show that the composition preserves source and target maps, is left and 
right unital, and is associative. For preservation of source and target maps, we see 
from the dehning diagram for LMi that we can write the target as 

I/Ml — Xo^Mo lOiMo-^ DqMi -^ Do^o- 

From the same diagram, we can write the source as 

I/Ml — lOoMi XppTVTo I®i^o-^ DiMq-^ DqMq. 

We now verify preservation of targets from the commutativity of the following dia¬ 
gram, where the subscript DqMq’s have been suppressed in the interest of space: 


©gilll X DiillQ X ©Qilli X DiJIIq 
Ixxxl 


P12 


BoTIi X DiiVIg 


P12 


©0^1 X DqMi X ©iMo x DiMq DqMi x ©qM; 


DoiVl2 X D2iVIo 

D07X7D 



SgTIi X ©liVIg 


Pl 


©oMi 


HoT 


pi 


■ ©giVIl 

©oMq. 
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Preservation of sources is a similar diagram: 


X X X Dj^iV^Q 


Ixxxl 


©giffl X Dgiff]^ X X 


l)()Ad 2 X D2 iffg 


D07X7D 


JodPi X D^iffg 




D2iVfo 


DodPi X Diiffg 


■ ©liVfo 


DoMq. 


The left unit map II '■ LMi —)■ LM2 is given by the composite 

LMi = DqMi XjjqMo DiTfg = DqMo XjjqMo Dq^i XdoALo Di^o 

-^ DqMi XdqMo DlTfg XdqMo Dq^I XbqMo DlTfg = LM2, 

and similarly the right unit map Iji is given by the composite 

LMi = DqMi XbqMo DiTfg = DgMi x^^Mo DiTTg x^qAi-q DqMo 


1x(Do/,/d) 


DgMi XdoMo DiTfo XdoMo Do^i Xb^Mq DiTTg = LM2. 


To show that 7 is unital, we need to verify commutativity for both triangles in the 
diagram 

LMi LM2 LMi 


LMi. 

This requires the following property of the interchange y : ©iMo XbqMo Do^i —t 
©0^1 XdqMo ©iTfo: 

Lemma 10.1. The composites 

DqMi = DqMo XbqALo ©o^i-^ ©iMg XbqMo ©o^i 

-^ DqMi XbqMo ©iTfo-^ ©0^1 


DiMq = ©iMq XboMo DqMo -^ ©iMg XbqMo ©0^1 


y Vo 

—^ DqMi XdqMo ©iTfo-^ ©iMg 
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both coincide with identity maps on DqMi and ©iMo, respectively. 

Proof. The interchange map x factors as 

DiMo XpgM'Q DqMi = DiMi -^ ©oMi XdqMo ©iMo, 

and examining the pullback diagram giving the isomorphism part of the composite 
shows easily that 

DqMi-^ DiMq XpoATo — ©iTfi 

coincides with Jp ; ©oMi —)■ DiMi. Now the composite 

DiMi-5- ©qMi XdoATo ^ 3oMi 

coincides with To, and since To o = iduoMi, we see that the first composite is as 
claimed. 

For the second composite, we again examine the pullback diagram giving DiMi = 
DiMo XbqMo and conclude that 

DiMq-^ DiMq XdoMo ^qMi = DiMi 

coincides with ViiIm- Now the conclusion about the second composite follows from 
the commutative diagram 


DiMi ©iMo ©iMo 



©iDqMo -—-^ 


□ 

Now the left unitality triangle commutes if and only if it does so after compos¬ 
ing with Pi : DqMi XooMq DiMq -)■ DqMi and p2 : DqMi Xo^m^o -t DiMq. 

Composing with pi, we wish the composite 

LMi = DqMi XoqMo DiTfo = DqMq XoqMo ^oMi XjjqA^o DiTfo 

-^ DqMi XdqMo DiTfo XdqMo 'OqMi XoqMo DiTfo 

-^ DqMi XdqMo ^qMi XdqMo DiTfo XbqMo DiTfo 


I!>o7m xtd 


DoMi XoqMo DiMq 


Pi 


]D)qMi 
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to coincide with just pi. The next diagram shows that we can project off the last 
factor DiMq from the beginning, where we again have suppressed subscript DqMo’s 
in the interest of space: 




Pi 


X DgTf]^ X 
(Do/,/d)x1 
Sgil^fl X ©liWg X 'DqM-i X OiiWg 


Ixxxl 


1)qA4i X ]S)()A4i X x ©iTfg 

D07X71J 

]S)()A4i X OiAfg 


P12 


P123 


P12 


Pi 


DgiWi 


—^ ©gdlfg X DgAf]^ 

(DoJUd)xI 

X D^iWg X ©gilTi 
Ixx 

X DgiV^]^ X 

P12 

—^ ©oTfl X DgTfi 
Do 7 

-^ ©gilTi. 


Now it suffices to have the right column in the above diagram compose to the identity 
on DqMi . But the following diagram shows that the part before the hnal D07 coincides 
with Dq/l, since the right hand composite is idugMi by Lemma riO.il 


BqMi 



DqMi 


Pi 


'^qMi X 


P2 


PqMi. 


Now composing, we have Do7°DoLl = idrooMi since M is left unital. This shows that 
7l^^ is left unital after composing with pi. 

Showing that is left unital after composing with p2 follows from the following 
diagram, in which we still need to verify the irregular sub-diagram in the upper right. 
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and as before, we suppress the subscript DqMo’s: 




(/ioDo5)x1=P2 




-fnXl 


©0-^ffo ^ Dgiffi X ©^iffg 


(Bo/,/d)x1 


Dq-ZWi X DiA^O X DgiWl X Diiffg ©liffg X Dgiffi X ©liffg 



Ixxxl 


XXl 


-^nxl 


Dgiffi X Dgiffl X ©liffg X Diiffg - ^ ©0-^1 ^ ©liffg ^ ©liffg -^ ©liffg X ©liffg 


P234 


P23 


I®07X7d| 

DqMi X ©iMq 


P2 


©iMq. 


The upper right sub-diagram is the product with ©iMg of a diagram that expresses 
another aspect of the interchange map X) in which we also reflect across the main 
diagonal: 


©oMi 


DoS' 


©oMq ©0^1 

^©xl 

i 

©iMq XppA^o Do^i 

DiS 


©gMo ©i©oMo 

Di/n 

©fMo 

®0^0 } —^ ©iMq - ©qMi XooMo ©iTTg. 

In 


We have now shown that the composition in LM is left unital. 

To show that the composition is right unital, we again compose with both pi and 
P2 and verify the resulting diagrams. First composing with p2, we first project off the 
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first factor by means of the following diagram: 




P2 


IDgiffl X X ©giV/Q 

Ix(DoJTb) 

Sgiffl X ©liffg X Dgikfi X ©liWg 


Ixxxl 


DgA:fl X ©gikf]^ X X ©j^A^g 

D07X71J 

©giV^l X ©likfg 


P23 


P234 


P34 


Pi Mg 


Plikfg X ©gik/g 

1x(Do/,/d) 

Pliffg X Dgil^fi X ©likfg 

XXl 

PgA:fl X ©liWg X ©lA^g 

P23 

©iMg X ©iMg 
7d 


P2 


PlMg. 


It now suffices to show that the right column composes to the identity, but the part 
before the 7 d coincides with the right unit map for ©(Mg), because of the following 
diagram, in which the right composite is the identity on ©iMg by the second part of 
Lemma 110.11 


DgMg 


©iMg 

- ©lAfg X ©gALg 

lx (Mol,I d) 

©lilLg X ©gM^i X ©lilLg ©liffg 

XXl 




DgMi X ©iMg X ©iMg ©gMi 

P23 


X DqjW]^ 
X 

X DiMo 

P2 


PlMg 


P2 


PlAfg X ©lALg 


Pi 


' ©lALg. 


The composite with yp is therefore the identity, showing that is right unital after 
composing with p 2 . 
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Composing with pi, we get a diagram similar to that for the left unital property 
composed with p 2 , namely 






lxre=pi 


' X Dgiffg 



IxDq/ 


Ixx 

Dgiffl X Dgiffi X Diiffg X Diiffg pi2^ lOo-^l ^ Dgiffi X ©liffg KDo-^l X DgA^l 

ID>o7X7b 


Pl 


©0^1- 


Again, we need to verify the large sub-diagram in the upper right, but that follows 
from the commutativity of 


DiMq 



iMi 

D 

'qMq > ©oAfi 


pi 


DiMg XpgMo Dq^O 


©iMq XjaoMo ©0^1 
X 

©oMi XpgMo ©lAfo 


after crossing on the left with DgMi. We conclude that is right unital. 

It remains to show that is associative. This reduces to showing commutativity 
for each of the sub-diagrams of a square diagram with four sub-squares; however, the 
diagram is too large to £t onto a page, so we display the left half and right half 
separately. The left half is 


Ixxxl"^ 


(©gilTi X ©liffg)^ 
l^xxxl 

'' 

PqMi X ©iMq X (DgMi)^ X (©iMg 
IxEDoXXtd 

©gAfi X ©liffg X ©giffi X ©^Afg 


,2 ixx^xl 


Ixxxl 


gMi)^ X (©iMg)^ X DgMi X ©iMg 
Ixx^ X1 

(©oMi) 3 X (©lMg)3 

10^075 x( 7 ©)s 

'' 

(©oMi )2 X (DlMg) 2 , 
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where as before we suppress subscript DqMo’s, and the right half is 


DoMi)^ X (DiMo)2 X DqMi x DiMq (©oMi x DiMo)^ 


Ixx^xl 




Do7tx(7d)2 


Ixxxl 

I 

\Mif X (roiMo)2 


Bo7sx(7d)s 


B07X71I} 


{PqMiY X (DiMo)^---5-DoMi X DiMq. 

Bo7X7d 

The top half of the left diagram reduces to a diagram on the inner four factors, and 
both ways around the square then reduce to the composite 


Dj^iffg X lEDgiff]^ X X 

XXX 

Dgiffi X KDiiffg X Dgiffl X D^Tfg 
Ixxxl 

IDgiffl X Dgiff]^ X X 

The bottom half of the right diagram commutes because M is a multicategory and © 
is a category object in monads on Set. This leaves us with the two other sub-squares. 

We will continue to suppress subscript PgMg’s for the remainder of this section. 
For the lower left sub-square, we will need the fact, to be verified, that the interchange 
X commutes with the composition in M, in the sense that the diagram 


©iMg X DgMi X DgMi 


xxl 


Bgiffl X D^iffg X Dgiffi 


Ixx 


Bgiffl X Dgiffi X D^iffg 


©iMg X DgMi-^ Do^l X DiMg 

commutes. We need to recall that the interchange is given by the composite of an 
isomorphism to DiMi with the map 

(Tnfi) 

DiMi -s- DgMi XpoMo DlMl, 

where the map 9 is the composite 


DiMi DiDgMg 


D^Mg —DiMg 


We also agree to write 6 for the related composite 


D 1 M 2 


DiS 





DiDgMi 


DiMi. 
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Now turning our diagram on its side, we can fill it in as follows with the sub-diagrams 
still to be explained and verified: 


DiAfg X DgiWi 


XXl 

©oMi X DiMo 


X ©o-^l -^ ©liffg X Dgiff]^ 



DqMi X ©0^1 X DiMo-^ DqMi x ©iMq. 

D07X 1 


The first thing we explain is the isomorphism out of the upper left corner 

©iMo X DqMi X © 0^1 = ©iMa, 

where we have suppressed subscript ©oMq’s. This is a consequence of the following 
diagram, in which all the squares are pullbacks: 

D1M2 ©iMi ©iMo 


So 


D 0 M 2 ©oMi 


ms 


JjZj' 

DgMi DgMo 


BoT 


©oMq 


1 

©o-Tfi 


BoT 


r 

■ ©oMq. 


Now since the upper right isomorphism ©iMi = ©iMg x ©qMi is given by (©iT, Sn), 
the top part of the diagram is a consequence of the commutative squares 


©1 Af2 

BiT 

©iMi 



BiT 


©iMo 


and 


©liVf2 

Sd 
©0^2 


iMi 
Sd 
■© oMi. 


For the left part of the diagram, the same display of pullback squares shows us that 
the inverse of the upper left isomorphism can be expressed as 

(©iT, /i o ©qS* o S'd) : D1M2 —)■ ©iMi Xo^Mo 
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while the inverse of the isomorphism below it is induced by 


(DiT, So) : DiMi —)■ DiMq XoqMq Dq^i- 
Meanwhile, we recall that the interchange y is given by 

(Td, 0 ) : Diiffi —)■ Dgiffi ^ Dq-^O DiMo. 

Now proceeding from D 1 M 2 both ways to DqMi x DiMq x DqMi and projecting to 
the left Do^i, we see that both ways coincide with Tp o DiT. Projecting to DiMq, 
we find we require 6^ o Tp = Tp o 6*, but that is expressed by the commutative diagram 


ID)iiVf2 “ 

DiS 

' ’ 

DiDqMi 
DiJd I 


DiT 


DiMi 
I Di5 


DiDoT 


Di©o^o 

I hiiId 


D^Mi 

M I 




D^Mo 

I 


DiMi-^ DiMo 

i i i u 


And projecting to the right hand ©oAfi requires 

fi o DoS' o So = So o 0, 

but that follows from the following commutative diagram: 


D 1 M 2 > D 0 M 2 



The left quadrilateral of the diagram therefore commutes. 
The bottom left triangle commutes by the definition of y. 
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We come next to the (somewhat distorted) square 

©1M2-^ D0M2 X DiMo 

(TdoDiT,;?) ^ 

©od<fi X DiMi-^ ©0^1 X © 0^1 X ©iMq. 

lx(Tfa,6) 

The right vertical isomorphism is a consequence of the diagram of pullback squares 


©0M2 ©oMi 


OoS 
\,2 


©^Mi ©gMo 




©od<fo, 


so can be expressed as 

{DqT, fi o ©oS") : ©0M2 —)■ ©oMi XjjpMo ©od^i- 

We see immediately that the desired square commutes after projecting to the hrst 
©oMi or the ©iMq. Projecting to the middle ©qMi, we require 

jj, o ©OS' o Tp = Tp o 6 ^, 

but that follows from the commutativity of 


©1M2 ©0M2 



The triangle at the bottom of our desired diagram simply expresses the dehnition 
of ©07. 
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Now we have another somewhat distorted square to verify, namely 


^iM 2 


(Tn,e^) 


iMi 
{Tofi) 


'qM2 X D^iffo -^ KDqA^I X Diiffg, 

^ ^ Dn 7 Xl 1 u, 


as usual with subscript Dq^o’s suppressed. Projecting to the factor of this is 

just the naturality of To with respect to 7 : M2 —)■ Mi. Projecting to the factor of 
DiMo, we need to verify that the square 


IDi '7 

D1M2-^DiMi 

e e 

©iMi —^DiMo 

commutes. This follows from its expansion as follows, using the dehnition of d\ 


©l Af 2 

DiS 

DiDoM*! 

Di/p 

©2 Ml 

©iMi 


D17 


DiIDo*? . 




HiS 


Pi©QTfo ' 

Di/p 

■ ©2 Mo - 

I 

Di©oilPo ' 


Dili 




DfMo 

Tni 2 i 


DfMt 


0 


iMi 
Di 5 

Di©oiWo 

77 d 

?Mo 

DiMq. 


The dual right hand triangle simply exhibits the definition of y. This completes the 
verification that y respects the multiplication ©07. 

We return now to the lower part of the left half of the associativity diagram. 


©oMi X ©iMq X (©oMi)^ X (©iMo) 

IXD07X71D) 

©oTfi X ©liffo X ©oiWl X ©liffg 


2 lxx^xl 


Ixxxl 


\Mif X (©iMo )3 
11^075 x(7©)s 

' ’ 

\M,f X (DiMo) 2 , 


and note that ©075 is really just 

1 X ©o 7 : ©oMi X (©oMi)^ ©oMi x ©qMi, 

where we have again suppressed subscript ©qMq’s. Similarly, {'jo)s is also really just 
1 X 7 b, so this diagram is just the identity on the left ©oMi, 7 b on the right two 
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DiMo’s, and the rest is the diagram we just verihed. This concludes the verification 
that the lower left square of the associativity diagram commutes. 

For the upper right square, 


\Mif X (©iMo)2 X DoMi X DiMo (BqMi x DiMo)^ 


Ixx xl 


Ixxxl 


PoMi)^ X (DiMo) 3- ^ (DoMi)2 X 


we note that, similarly to the above, 

Do 7 r = Do 7 x 1 and ( 7 iD)r = 7 id) x 1 . 

Consequently the diagram decomposes to just Do7 on the first two factors, and idoiMo 
on the last one, leaving us with the diagram 

DiMo X DiMo X ©0^1 DiMo x DqMi 




X DidTg X ©liffg -^ IDgiffl X Diiffg 

IXTB 

to verify. We fill it in with an interior analogous to the one we used for the lower left 
square: 


DiMq X DiMq X ©0^1 


X Dg iffi 


©2M1-^^ DiMi 

I \ 

{To,eoSo) 


©lAfg X Dgiffi X ©liffg -©liffl X Diiffg Dgiffi X ]D)2Mo 

I (Tn, 6 )xl 


Dgiffl X ©liffg X D^iffg 


Jgiff]^ X njj^Tfg. 


Here we use the notation Q for the composite 


PaMi DsDgMg 


2 - Mo -^ ® 2-^0 5 
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and the map : DqMo —?• D2M0 means either of the coincident composites 

DqMo DiMo D2M0 or DqMo DiMq ©2M0. 

(The composites coincide since D is a category object.) 

We proceed to verify the snb-diagrams. The upper left isomorphism is a conse¬ 
quence of the diagram of pullback squares 


D2iWi 

•Sd 

DiMi 

DqMi 


— ©2M0 — 


DiT 


DoT 


Sd 

■ ©iMo - 
Sd 

3 oMo, 


©i Afg 

Sj} 

©oMg 


where the right hand square is a pullback since D is a category object, the lower 
left square is a pullback since T : Mf —>■ Mq is a cover and © preserves covers, and 
the upper left square is a pullback from an application of the source cover version of 
Corollary 18.II to the cover DT : D(Mf) —)■ ©(Mq). 

Now the top part of our desired diagram is a consequence of the two commutative 
squares 


©2 Afi 




©iMi 


D2r 


DiT 


©2M0 and ©2M1 


Sd 


7d 


7d 


DlMg 


DiMi 


iMi 
Sn 
■ ©gAfi- 


For the left part of the diagram, we hrst use the display of pullbacks giving the 
upper left isomorphism to rewrite it as 

(To o ©2T, 5*0) : D2M1 —)■ ©iMg XoqMo ©iMi. 

Also recalling again that y is induced by the map 

(To, 9) : ©iMi —)■ ©qMi ^ Do-^0 ©iMg, 

we verify the left part after projecting to each of the three factors in the lower left 
corner. Projecting to the right hand ©iMg gives in each case 6 o S'©, so that checks. 
Projecting to the left hand ©iMg requires 

To o © 2 T = ©iT o So, 

but that follows from the naturality of S'o. And projecting to DgMi, we require 
To o S'o = S'o o To, but that is a consequence of the dehning diagram for © 2 M 1 . The 
left part of the diagram therefore commutes. 
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For the square 


(ho-®) 

D2M1 -^ ©oMi X D2M0 

(Tn.floSn) = 

DiMi X DiMo-^ DqMi X DiMq x DiMq, 

('rD, 0 )xi 


the right hand isomorphism is induced by the isomorphism 


(Fd, S'®) : 102Md —t ©iMo XpqMo ©iMd, 


so we can again verify commutativity by checking after projection to each of the 
three factors on the lower right. Projecting to the DqMi, both composites are Tp. 
Projecting to the right hand DiMq, we require 9 o So = Soo 9 . This follows from the 
following diagram, in which we are careful to use {Io)l rather than {Io)r so that the 
inner triangle commutes: 


D2M1 - 

02 S 

]02Do-^o 


Sd 




-DiMi 

BiS 

DiDgAfg 
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And projecting to the middle DiMq requires us to verify 6 oTj^, = Tjj,o 6 . This follows 
from the following diagram, in which we now use (/d)_r so the triangle commutes: 


lD) 2 Afi - 

]D)2l®oAfo 

D 2 /d I 


To 


To 


-DiMi 

DlDg A^q 



D2Afo —-—s- DiMq 


We next have to verify the square 


D2M1 

IDgiffl X D2iWo 


7D 


IXTD 


iMi 
{To,e) 


Projecting to DgMi reduces to the commutative square 


D2M1 DiMi 



DiMi > DgMi, 

JD 


while projecting to DiMg requires 0 o yp = yp o This follows from the following 
diagram, in which the triangle commutes since yp is unital (we could use either (Jp)p 
or (/b)r), and the bottom square is a result of D being a category object in monads 
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on Set; 

D2M1 —DiMi 


ms 


Bi5 


]I52DoiVfo-^ DiDgiV^Q 



The left triangle simply records the dehnition of y. We have completed the verihcation 
of the upper right square of the associativity diagram, and therefore completed the 
verihcation that the composition on LM is associative. 


11. The provisional left adjoint: D-algebra strnctnre 

In this section we specify a D-algebra structure on LM by specifying a Dg-action 
on LMq = DgMg and a Di-action on LMi. We then verify that the structure maps 
for a category are preserved, so we actually get an action DLM —)■ LM that is a 
functor. 

First, since LMq = DgMg is the free Dg-algebra on Mg, we use that as its algebra 
structure over Dg. Explicitly, we have an action map given by 

Dg(LMg) = DgMg —^ DgMg. 

We specify a Di-action on LMi = DgMi DiMg by giving its projections 

to the two factors DgMi and DiMg, and then verifying that we do get a map to the 
pullback. Note that since Di preserves pullbacks, we have 

Di(Z/Mi) = Di(DgMi XpgM'Q DiMg) = DiDgMi Xp^BqM-q D^Mg. 

We specify a map .^1 : DiLMi —)■ LMi by specifying pi o ^1 : DiLMi —)■ DgMi and 
P2°^i '■ Dll/Ml DiMg. For the hrst, we specify Pio^i to be given by the composite 

DiZ/Mi = DiDgMi XpjPpiifo DgMg-^ DiDgMi-^ DgMi-^ 

and for the second we specify p2 ° ■Ci fo be given by the composite 

DiLMi = DiDgMi XpjPpMo DgMg-^ DgMg-^ DiMg. 
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This does give us a map to LMi = DqMi XdqMo DiTfo because of the following 
commuting diagram; note that the left rectangle is simply ©i applied to the pullback 
dehning LMi. 


DiLMi DiDoMi DgMi —^ DqMi 



We wish to show that this really is an action, that is, that is unital and asso¬ 
ciative. To be unital, the diagram 


LMi DiLMi 





LMi 


must commute, but that will follow if the diagram commutes after composing with 
both projections pi and p2 with targets DqMi and DiMq respectively. For composition 
with pi, we have the diagram 


LMi ©iLMi 
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where the central triangle commutes since Td : ©i —)■ Dq is a map of monads. For 
composition with p2, we have the commuting diagram 


LMi DiLMi 


P2 


DiP 2 







©iMq, 


and it follows that .^i is unital. 

To show that the action is associative, we need to show that the diagram 


D^LMi 

©iLMi 


ih 




DiLMi 

«i 

LMi 


commutes, which again happens if and only if it does after composing with pi and 
P2- Composing with pi, we hnd the diagram commutes as a result of the following: 


DiLMi 




11. THE PROVISIONAL LEFT ADJOINT: D-ALGEBRA STRUCTURE 


65 


And composing with p2, we have the following commutative diagram: 


BlLMi 


roi?i 


UP 2 


hLMi 


DfMo 

TRiS i 


Mq - 

IDiP2 ^ ^ 


DiLMi 

DiP 2 

yiMo 

PiMq. 


It now follows that .^i is an action of the monad on LMi. 

We need to show that the actions .^o and .^i preserve the identity, source, tar¬ 
get, and composition maps, so that we actually get a functor DLM —)■ LM. For 
preservation of /, we need the diagram 




Co 


LMn 




^LM 


DiLMi 


Cl 


LMi 


to commute. Since the target of the diagram is the pullback LMi = DqMi XdqMo 
DiMq, we project onto each factor and verify the resulting diagrams. Composing with 
Pi and using the dehning property that Pio,^i = /ioTpopi, as well as DqI/Mq = DqMq 
and Pi o = Dq/, the result for pi follows from the commutative diagram 



©oMi 


©oAfi. 
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Composing with p2 and recalling that P2 o ■Ci = h ° P2, we wish the perimeter of 

Dgiffg -^ 'DqMq 



to commute, but that is simply a property of a a category object in monads on Cat. 
It follows that our action maps preserve the identity structure maps. 

To show that our action maps preserve the source structure maps, we recall that 
the source map for LM is given by 

LMi = ©0^1 XDqMo lOlTfo -^ DiMq -^ Dgilfg, 


and we wish 

©iLMi 

DgMo- 

to commute. But this expands to 


Si 


LMi 

DqMo 


©iLMi 

DiP 2 


© 2 Mo 



LMi 

P2 

©iMo 

Sd 


DiDqMo > ID>o"^o — 


in which the top square commutes by the dehnition of .^1 and the bottom rectangle 
because we have a category object in monads on Cat. 

For preservation of the target structure maps, recall that the target on LM is 
given by the composite 


LMi = DqMi 


BqT 


DqMo 


©oMi 
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Then the desired square 


DiLMi 

- 




LMi 


■ B>oMq 


expands to 


DiLMi 

Dipi 

©iDoMi 

DiDq^ 

©iDqMo 


6 




—^LMi 

pi 

^BqMi 

HqT 

-jT^ DqMo, 


in which the top part follows from our definition of and the bottom from having 
a category object in monads in Cat. 

It remains to show that the actions commute with the composition map : 
LM2 —)■ I/Ml. Ih order for this to make sense, we need an action of D2 on LM2] this 
is given by a map .^2 : D2-IM2 —)■ LM2 such that the two diagrams 


D2LM2 


6 


SnSf 


ToTf , 


©iLMi 




LMo 


LMi 


commute. We then want the diagram 


©2^M2 LM 2 


'yo'^LM 


"flM 


©iI/Mi-^ I/Ml 

b 


to commute. For this purpose, we want an explicit expression for ,^2; which is given 
by the following lemma. 
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Lemma 11.1. The action map ^2 ■ ^2LM2 —)■ LM2 can be expressed as the com¬ 
posite 


D2Do^ 1 XpjDoAfo D2 Di^1 XP 2 D 0 M 0 D 2 IO 1 MD 

r^Xj.a'TDXTnSnS'B 


DqMi Xo^Mo DiM) 

3oMi XppMo DiMi XppMo ID>iMd- 


Proof. This is true if and only if the two diagrams dehning ^2 commute with this 
expression in place of ^2, and in turn, each of those diagrams commute if and only if 
they commute when composed with each of pi : LMi —)■ DqMi and p2 '■ LMi —)■ DiMq. 
We can expand S, T : LM2 LMi as in the following two diagrams: 


DqMi XjjqMo DiTfi XjjqMo DiTfo-^ LM2 

p23 

DiMi XdqMo DiTfo s 

SbxI 

DqMi XdqMo lOiTfo-=-^ LMi 

and 

DqMi XpqMo DiTfi x^oMo DiMq-^ LM2 

P12 

DqMi Xo^Mo DiTfi ^ 

IxDiT 

DqMi XooMo DiTfo-=-^ LMi. 


Consequently, we can express four of our composites of interest as follows: 


Pi oT : LM2 > ■ DqMi, 


P20T : 

: LM2 - 


— ©iMo, 

Pi 0 S' : 

LM2 - 

DiMi ■ 

— DqMi, 


P20S : LM2 ©iMo 
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Further, we already have expressions for pi o and P2° ii-, namely 


Pi O : DiLMi ©iDoMi ©0^1, 

P2 o 6 : Di^Mi D^Mo —^ DiMq. 


These expressions allow us to verify the four diagrams we want, which we take in 
order. First, the one for p2 and S becomes 


'i) 2 LM 2 



D^M 2 XdiDoMo ©iTfo 


xl 


iiiDoMi Xb^BoMo ©iTfo 


P2 


© 2 ©! Mo 


Sd 


D?Mo 


DiMq 


The one for pi and S becomes 


D 2 TiVf 2 

P23 


P2 


P2 


©2D1M1 XpjDoMo ©2D1M0 


* 5 "© X Sp 


D^Mi Xo^BqMo ©iMq 

DiS'pxl 

©i©oMi XdiDoAJo ©iMo 


©2©iMi ©2Mi —^ ©iMi 


o 2 


So 


——^ DiDqMi > ©qMi —©0^1* 

Dipi T© ^ M 
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The one for p2 and T becomes 

J]) 2 LM 2 



roiDoMi XdiIDoMo 


1 


7 b 


IxDfT 


DiDqMi XDieoA7o ©1^0 
And the diagram for pi and T becomes 
D 2 -hiW 2 




Dip 2 


■BjMo 


P12 


PI 


Pi 


]D) 2 S^oMi 


DiMi 
DiT 
©lAfg. 


D 2 DoAfi XpjDoMo IO2D1M1 

TbXTpTb 

roiDgMi XdiDqMo lOiAfi 

Pi 

IxDfT 

roiDgMi XdiDqM'o ©lAfo 
Since all four diagrams commute, the expression for ,^2 is correct. 



dMi. 


□ 


It will also be convenient for us to realize that the expression we already have in 
place for ,^1 : DiLMi —)■ LMi can be written as the composite 


o 7b X 1 ij,yc u p 

PlDg^l XBiDoATo DlAfg -^ DgMi X][j2jy^j, D^Mq -^ 


We now verify our desired square 

D 2 Tiff 2 

'yo'iiM 

\ 

©iLMi 


DgMi XBqMo DlAfg. 


?2 




LM 2 

LMi 


by composing with pi : LMi —)■ ©oMi and p2 '■ LMi —)■ DiMg and checking commu¬ 
tativity of the resulting diagrams. Composing with pi, we can rewrite pi o'JIm as the 
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composite 


Pi “2 

DqMi XbqMo DiMi XbqMo DiMq-^ DqMi XdqMo DiMi 

— ©oMi XdoMo ©oMi = ©0M2 — DoMi. 

Consequently, we can express pi o o ^2 as 

Pi 2 

D 2 D 0 M 1 XpjDoALo D2 Di^ 1 XD2rooAfo D2l®1^0 -^©21^0^1 XO 2 D 0 M 0 I02Dl^l 

-^ DqMi XngMo Di^i-^ DqMi Xp^^^ DiMi 

^ DqMi Xd„Mo ©oMi ^ D0M2 — DqMi. 

In the other direction, we can write pi o as the composite 


DiLMi = DiDqMi Xp^PqM'q D^Mq ^ DiDqMi 
D gMi DoMi, 

so we can express Pi o o 7071^^^^ as 

Pi 2 

D2D0M1 XpjBoV/'o D 2 Di ^1 XpjBoALo D 2 Dl ^0 -^ D2D0M1 XpjDoMo D2D1M1 

-^ DiDqMi Xp^p^Mo D^Mi-^ Di(DoMi Xp^^o ® 0 "^i) — D1D0M2 

Bi^^iDqMi DqMi. 


Since both expressions we wish to coincide begin with pi2, we can simply ask that 
the rest of the expressions coincide. This follows from the following commutative 
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diagram: 


D2Do^1 XID 2 D 0 M 0 D 2 D 1 M 1 
"TtoXn 


T^>^j. 2 To 


i 1 o ul^ 

]D)qMi D^Mi-^ DqMi XdqMo DiMi 


I IxTn 

TjjXt Tn 

DiDoMi Xp^BoMo DiMi-^ DqMi Xp2j^^j, DqDiMi 


1 xDiTd 


lx 


ToXy Tn 

DiDqMi XpjDqMo DiDqMi-^ ©qMi Xpgjy^i^ DqMi 


IxTn 


D1D0M2 

I®iDo7m 

DiDgM^l 


■D 2 M 2 


Oq'ym 


■DgMi 


DgMi XdqMo Dod^l 


D0M2 

Do 7 m 
DqMi. 


For the composition with p2, we can first rewrite p2 o 7 ^^^^ as the composite 

poo 

DqMi XpqMo DiMi Xp^^o DiMg-^ DiMi XdqMo DiMq 

-^ DiDqMq XpqMo DiMq-5- D^Mq XpqMo DiMq 

-^ DiMq XpgMo ©iMo = D2M0 > DiMq. 

Consequently, we can write p2 o o ^2 as the composite 


V 2 ‘^ 

D2D0M1 XpjPpM'Q D2D1M1 XpjPqA^p D2D1M0 -^D 2 DiMi XpjPpMo D2D1M0 

^ TV^ 510 )“Sd „ „ ix')(. ijUi 

-D^Mi Xp 2 ^„ D^Mq ^ DiMi Xp„Mo DiMo 


^'DiDqMq Xp„Mo DiMo^-^'d^Mq Xp„Mo DiMo 


-^ DiMq XpqMq DiMq = D2M0-^ DiMq. 


In the other direction, we can write p2 o >^1 the composite 


Dil/Mi = DiDqMi Xp^pg^o D^Mq 


D^Mq —^DiMq, 
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and consequently we can write P2 o ■Ci ° 1^1 lm composite 


D2Do^1 X]D)2DoMo ID)2DiMi XpjDoMo IO 2 D 1 M 0 


P 23 


I)2 ]D)iMi XpjDqMo IO2D1M1 


'ro^Tn'lD „ r, 

^ ^DiDoA/q ©fMo —D^DoMo 

^PpIDoAfo 


-^ ro^Mo XdiDqMo ' 0 \Mq ^ > DfMo XpjDqMo ©iMo 


■ n])in]) 2 iVfo 


©2Mo DiMo. 
Adopting our previous notation 9 for the composite of source type 


hMi 


hs 


DiDqMo 


i)?Mo —©iMo, 


we can see that these coincide by means of the following commutative diagram: 

PlMi XpoATo ©lAfo 


7d ^ tItti .SiiTi ‘So ^ ^ M X u ^ 

I)2]D)iMi XpjDoMo ©2DiAfo-^ ©;^Mi Xn^Mo D^Mq-^ 


9x1 


9x1 


V12D1MQ Xp u Mo D2D1M0 —--^ P^Mq Xjj 2 Mo ©iMo ■ 

9DXT„Sn*B ° 





0x1 

PiMq XpgMo ©lAfo 


© 2^0 
I 7d 


©iMo 

^ 7 d 

© 2 Mo 


Consequently, our action maps preserve the composition, and we have dehned a ©- 
algebra structure on LM. 


©iMq. 


12. The adjunction structnre I: the unit map 

This section is devoted to constructing a unit map M —)■ ULM for a ©-multicategory 
M and verifying its properties. Together with the counit described in the next sec¬ 
tion, this map almost (but not quite) determines an adjunction between U and L. 
They will do most of the heavy lifting for the actual adjunction once we construct the 
actual left adjoint L. The reason we don’t get an adjunction immediately is that the 
unit map of this section isn’t quite a map of ©-multicategories: it doesn’t preserve 
the presheaf structure on the sets of morphisms. 

The unit map consists of maps ?7o : Mq —)■ ULMq and rji : Mi ULMi. Since 
{UC)q = Co for a ©-algebra C and LMq = ©oTfo, we just use the unit of the monad 
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©0 


Vo 

as the map on objects of our unit. 


Tj Mq —)■ J])qMq 


To define the unit map on morphisms, we recall that LMi is given by the pullback 
diagram 

LMi ©oMi 


P2 







lOiMo > lOoMo, 

-1-3 


that is, LMi = DqMi XdqMo ^iMq. Further, the underlying multicategory f/C of a 
D-algebra C (such as LM) is given by the pullback 


(UCh 
s 


Pi 


•Cl 


«0 


■ Co, 


where .^o ^ DqCo —t Cq is the restriction to objects of the action of D on its algebra C, 
and Pi coincides with the comparison map ki. Combining the two diagrams, we see 
that {ULM)i is given by the pullback in the diagram 


ULMi LMi ©oMi 

Bo S' 

PgMo 

©iMo > 3qMo 
S' 

so we can write 

ULMi = DqMi XdqMo ©iTfo XdqMo Dq^^o- 

Consequently, any map to ULMi is given by maps to DqMq, to DiMq, and to DqMi, 
subject to compatibility relations. We agree to dehne rj : Mi —)■ ULMi by the 
following maps: 
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( 1 ) To ©gMo: 

Ml - 

-^©oMo- 

D§M„ 

( 2 ) To ©liffo- 

Ml - 

-^©oMo- 

-^©iMo 

( 3 ) To ©oM^i: 

Ml - 

—^ ©oM^i 



We will show this is almost a map of D-multicategories: the only defect is that the 
map on morphisms doesn’t preserve the presheaf structure. 

First, we observe that we have a well-dehned map. For this, we have the two 
diagrams 


Ml and Mi -^ DqMi 


s 


DqMo ©iMo 





DoAfo-^ Dq-^o 





DiMq ^ 


which verify that we have actually defined a map to ULMi. 

We will show that this map satishes all the rest of the properties of a map of 
©-multicategories, namely, that it preserves J, S, T, and 7. For preservation of J, we 
need the diagram 


Mo ©oMo 

I I 

Ml — ULMi 

to commute, which we show by composing to the three components ©qMq, ©iMq, 
and DqMi. First, we recall that I : ©qMq —)■ ULMi is a special case of the more 
general I \ Cq ^ UCi for a ©-algebra C, which is given by the commutative diagram 


Co 



Cl 

I s 


®oCo > Co, 

5o 
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which dehnes a map to the pullback UCi of the square. When C = LM, we have the 
identity map of LM induced by the diagram 


©oMo ©oMi 



and then rj : DqMq —)■ DqMq satishes commutativity in 


DqMo —^ DiMo 



^ ©0^0, 


and so induces the identity map / : 'DqMq —)■ LfLMi. We can now verify preservation 
of I by checking the composites to ©qMo, DqMo, and ©oMi. To ©qMq, we check that 


Mq -^ ©oiVfo 



Ml-^ ©oMo-^ ©^Mo 

^ S ^ ^ Bot] ^ ^ 


commutes by naturality of rj. To ©iMq, we have the trivial diagram 


Mo- - -^ ©oMo 



Ml —©0^0 —D2d<fo, 


and to DqMi, we have 

Mq -^ ©oiVfo 

I Bo7 

Ml —^ ©0^1, 

which commutes by naturality of rj. Consequently, I is preserved. 
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For preservation of S, we have 


Ml ULMi 


s 


s 


DgiVfo-^ 

^ ^ Do »7 ’ 


which is why S o rj is dehned the way it is, and for preservation of T, we have 


Ml- - - ^ Mo 



ULMi -^ LMi -^ DgM^i-^ DgiVfoi 

i pi ^ pi u i U U) 

which is another application of naturality of rj. This leaves preservation of 7 to be 
verihed. 

For preservation of 7, what we need is commutativity of the diagram 


Ml XpqMo Dod^i 

»?iXDo>7o®’0»?1 


7m 


Ml 
I VI 


ULMi ^oULMi ULMi. 


We already have the expression DgMi XpgM^oDiMo XpqA^qDqMo for ULMi, so expand¬ 
ing out the lower left corner, which is really ULM2, we get the following isomorphism 
by canceling the DqMq’s in the middle: 

DqMi XpoMo DlMg XpoMo ^ UgMo DqDi^O ^qMq 

— OgMi XuqMo DiMq XjDqMo Dq"^! ^ D'^Mq DqDi^O 

Now the dehnition of composition for UC is in terms of the comparison map K2 : 
UC2 C2, which can be expressed as follows. First, we have 

UC2 := UCi XjjQf/Co ^oUCi 

= Cl Xcq DgCg XjDqCi, XDqCo ®0^0 

— Cl Xco DgCi XbqCo ®o^o, 

and then the comparison map K2 can be expressed as the composite 

Cl Xco DqCi XboCo Dgl^o-^ Cl Xco DqCi-^ Cl Xco DiCi-^ Ci x^o Ci = C2. 

Now we can write the composition in UC in terms of its projections to the factors 
of UCi = Cl Xco DgCg. The projection to Ci is just K2 as expressed above, composed 
with 7c : C2 —)■ Ci. The projection to DgCg consists of projection to the last factor 
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^0^0 of f/C2, composed with jj ,: DqCq —)■ Do^o- This now has to be interpreted in the 
case where C = LM, in which case we have the actual composition taking place in 
the composite 


'qMi XpoTVTo DiTfo XdqMo ^qMi Xd^Mo DqDiMo DoTfo 

'qMi XoqMo DiMq XdqMo Xjj 2 ^^ DqDiMq 

'qMi XoqMo DiMq XdqMo DiDqMi X/j^DoMo DiM) 

'qMi x^gMo DiTfo XdqMo Xjj 2 ^^ D^Mq 

'oMi XpoATo DiTfo XpqMo DoTfi x^^Mq DiMq 
' oMi XpoATo DlTfi XpqMo DiMd 
' oMi XoqM'q DqMi XdqMo DiMd Xp^Mo DiMd 
'qMi XpgATo DiTfo- 
The other factor is much more straightforward: it is just 

ULMi BlMo —^ ^Mo. 

We verify preservation of 7 by projecting to each of the three factors of ULMi = 
DqMi XogMo DiTfo XpqATo and the last factor of DqMq doesn’t present much 

difficulty: it’s a consequence of the diagram 



DqM] 

P1234 

DqM] 


Ixlx/nX^D 

DqM] 


IxIxTbXtjjI 

DqM] 


Ixlxitx^/l 

DgiW] 


1x(I!)iT,5d)x1 

DqM] 


ix(rB,6i)xi 

DgAf] 


Do7mX7d 

DnMi 


Ml XdqM'q DqMi 
P2=S 

DqMi — 


7m 


Ml 


©gMo —^ ^qMq 


©oTfo —7^ ^qMq. 


We next consider the projection to the first factor DqMi, and observe hrst that 
the long composite above, projected to DqMi, depends only on the first three factors 
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of ULM2, and after projecting onto those, we can express the map as follows: 


IXlX^B 


Ixx 


Do 7 MOP 12 


BqMi 

DgAfl 

DqMi 

DgiWi 


XDoMo DiMq XjJqMo Dq^I 


XDqMo XdqMo Do^l 

XdqMo Dq^i XdqMo DiMq 


Next, the portion of the unit map 172 = rji Dgi/i : Mi XdqMo DqMi —)■ ULM2 

that actually maps to the first three factors consists of 

(?7, Id o S', D017 o S) : Mi —)■ DqMi XdqMo DiMq XdqMo Dq^o 


and 


Dgl] : DgM*! — y DgM*!. 

However, since we’re taking a hber product over B)qMq of these two maps, the result 
is just (?7, Jp o S') X Do?7 . Further, the diagram 


©oMi DgMi 



DqMi 


allows us to simplify and write the material part of the composite of rj and with 
Pi as follows: 


Ml XpqMo DqMi 

(77,/©o5)x 1 r, 

-^ DqMi XdqMo DiMq Xd^Mq 

-^ DqMi XdqMo DiMq Xd^Mq DqMi 

1 X y 

-^ DqMi XpgMo DqMi Xp^Mo DiMq 

Do7MOP12 


DqMi. 
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The diagram we wish to commute then becomes the perimeter of the following one, 
in which as usual we suppress subscript ©o^o’s: 



The lower left triangle records the dehnition of x, and all the rest of the sub-diagrams 
are clear with the exception of the central slanted rectangle. We claim that the 
following diagram commutes, which will allow us to rewrite the upper right composite 
in the remaining sub-diagram: 


Ml XjJqMo ©0^1 

rjXl 


M2 

V 


DoMi XjJqMo © 0^1 ^ ©0^2- 


The main reason this is true is that the unit map rj : Mi —)■ ©qMi preserves the 
structure map of source type, as seen in the following diagram: 


Ml -©oMi 


©oMo 


■ ©0^0 





©oMq. 
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Consequently, the following cube commutes, with the front and back faces being 
pullbacks: 


Ms- - - ^ Ml 



This implies that the claimed square commutes. We can now replace the desired 
sub-diagram with the following one: 


M X DqMi 

(r),/noS)xl 

DqMi X ©iMq X DqMi —= DqMi X DiMi-^ ©o^i x Do^i- 

lx(Dir,S'n) IxTd 

After composition with projection to the hrst DqMi, both composites coincide with 
rj, so we can concentrate on the composition with the second factor of DqMi. Here 
we hnd the diagram commutes as a consequence of the following hlling: 



Ml X DgilTi 



We may conclude that the unit maps preserve 7 after projection onto the first factor. 

It remains to verify preservation of 7 after projection onto the second factor, 
DiMq. Looking again at the long composite giving the composition in LM, we see 
that the projection onto DiMq depends only on the middle three factors. Further, 
the portion of the unit mapping to these three factors consists of the following, in 
which we again suppress the subscripts for the hber products: 


Ml X DgilLi 


{Ib°S) X (Bo?;,Do (IboS)) 


©iMo X DgMi X rooDiMo. 
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We now simplify as follows: 

Lemma 12.1. The composite of the previous part of the unit with the portion of 
the composition in LM ending at DiMq x DqMi x 3 iMq coincides with 


{In o S') X (1, Id o /i o DoS'). 


Proof. Tracing the projections to each factor of the target, the hrst one is clear: 
both coincide with In o S'. For the middle factor, we do just get the identity on DqMi 
since 


DqMi DgMi 



DqMi 


commutes. The expressions for the last DiMq coincide by the commutativity of 


DqMi DgMo 
DqMo 


DqDiMo 


?Mo 

V 

■ DiAfg. 


□ 


Now we simplify the composite of p2 o with the unit map even further by 
means of the following commutative diagram, in which it is extremely important to 
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realize that the subscript DqMo’s have been suppressed: 
Ml X DgiV/i 


'DqMi 
lo 



hM: 


1 


^)lAdQ X ©Qd/fl X ’DqA^Q 

IXlXfM 

(DiT,5'o,uoDo5'o5'o) 

PiMo X BqMi X DqMo < ^ —-BiMi 


1x1x111 


{IJboiloOqSoSb) 


(ID)iT',5p) X1 

PiMo X © 0^1 X DiMq ^-©iMi x DiMq 


xxi 


0x1 


(Sd, 0 )x 1 

DqMi X DiMq X DiMq-——^ ©iMq x DiMq 

Next, we claim the following diagram commutes: 

DiMi 

e 


7 d 



X D^Afo 


DiMq 


The lower triangle commutes because 7 b is right unital, and the upper one commutes 
because of the commutative diagram 


Dl 5 ^ n 

iMi DiDqMo D^Mo —^ DiM, 

PiSd 


0 


Sd 

DgiWl 


DoS’ 


Sej 

D^Mo 


Sb 
■ ©oMi- 


The right square commutes because DiS'd splits Di/b and the square commutes when 
starting at D^Mq. We can now replace the composite in the previous large diagram 
starting at DiMi with just 9 : DiMi —)■ DiMq, which expands to /iBoDi-fD°Di>S'. The 
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whole diagram we wish to commute then reduces to the perimeter of the following 
diagram, which does commute: 



This completes the verihcation that the unit map preserves the compositions. The 
only thing missing in showing that it is a map of ro-multicategories is to show that 
r]i : Ml —)■ LMi is a map of D(*)-presheaves. However, this is in general false, and is 
the reason we need to descend to a quotient, which will give us the actual left adjoint. 


13. The adjunction structure II: the counit map 

Next we define the counit map e : LUC —)■ C, and verify its properties. On objects, 
we have 


LUCq — 

so for the counit Sq we use the action map .^o ^ Cq given by the algebra 

structure on C over D. The signihcant part is the dehnition of the map on morphisms, 
El : {LUC)i —)■ Cl. First, we can apply Dq to the pullback diagram defining {UC)i to 
get another pullback diagram 


Do(t/C)i^©oC'i 



DqCo ^ DoCq. 
IDoCo 
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Next, the definition of morphisms in LM applied to M = UC gives us a pullback 
diagram 


{LUC) I - ^BoUCi 

DoS' 

DqCo 

DiCo —DqCo- 


These paste together to form the core of the following diagram, which allows us to 
form a composable pair in Ci from an element of LUCi] we define the counit on 
morphisms by the resulting composite: 


{LUC)i -- BqUCi ©oCi 



DiCi 



Cl. 
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We can further augment this diagram to verify that the resulting composite has the 
correct source and target: 


{LUC)i -- ©oCi 



To complete showing that e is a functor, we need to show that it preserves identity 
and compositions. We then wish to show that it is a map of D-algebras, for which we 
need to show that e preserves .^o and .^i. 

For preservation of identities, we wish 


LCo LUCi 



to commute. The identity map for LM is given by 

LMo = DoMo --^ ©oMi Xo^Mo DiMq = LMi, 

so the identity map for LUC is given by 

LUCo = DoCo Dof/Ci Xp„Co DiCo- 

Now the counit map ei : LUCi —)■ Ci is a composite of a map to Ci Ci with the 
composition Deferring the composition for the time being, the projection to the 
hrst factor of Ci can be expressed as the composite 

LUCi = ^oUCi x„„Co »iCo — ^oUCi — DoCi — ©iCi — Ci. 
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Since this depends only on the hrst factor of LUCi, we can compose just with 

the hrst term for the identity map, and we get the following commutative diagram: 


DnCi 


«0 


OOO 

DoJc/c 


■Co 


Dole 


Ic 




■ ©iCi 


?1 


Cl. 


The projection to the second factor of Ci is given by the composite 

LUCi = Dof/Ci XboCo »iCo — ©iCq — DiCi — Ci. 

This only depends on the second factor DiCq of LUCi, so composing with just the 
second term of the identity map for LUC, we get the commutative diagram 


DqCo 
7 n 




■Co 


Ic 




0 


Dilc 


DiCi 


«i 


Cl. 


Consequently, both composites to Ci consist of Ic o ■Co- Now the diagram we wish to 
commute collapses simply to 


DoCo —Co—Cl XcoCi 


Ic 


7c 


Cl. 


The triangle commutes because 7 c is unital, so the counit does preserve the identity 
maps. 

To show that the counit preserves compositions, we need to show that the diagram 


LUCl X ijjcq LUCl -^ Cl Xco Cl 


iLuc 

\ 

LUCi 


1C 


£1 


Cl 


commutes. It will be convenient for us to have a formula for the counit ei on mor- 
phisms, and examination of the dehning diagram shows that it can be expressed as 



follows: 


LUCi ^ 

/pXiDi/ 


BiqUCi XpgCo Di^o- 

DiCiXcoDiCi^i^Ci 


DqCi Xco DiCo 

XcoCi^^Ci. 


Meanwhile, the dehnition gives the following expression for the composition in LUC: 


3qUCi XbqCo XdoCo ^qUCi x^pCo 

lx(Dir,SD)xl ^ ^ ^ 

^^- HiqUCi XjjpCo Dif/Ci XjjpCo Di^o 


ix(TD,e)xi 


^oUCi XdqCo ^oUCi XdqCo XDqCo ®i^o 


I®07!7C XTd 


^qUCi XdqCo ®i^o- 


The total diagram we need in order to show that the counit preserves composition 
is too large to display as one piece, so we break it up into three pieces. The hrst one 
is the left part, and looks like this, where the unadorned products have a suppressed 
subscript DqCo: 


Bo/tiXf IxBoKiXfnl 

'i>QUC\ X Dj^Cq X Dq^/Ci X Dj^Cg -^ ^Co ^iCo x DgCi X^p DiCg 


1x(BiT,5b)x 1 
Dgf/Ci X 'DiUCi X DiCg 

lx(Tn,0)xl 


ID’o'^i x^pBiKi x^p 1 


1 x (PiT,^]®) X1 

Xco Xcp IOiCq 


Do X f „ Do X f „ 1 X c„ 1 

^qUCi X IDiqUCi X ©iCq X DiCg-^ DqI^i Xcq Xcq Xco 


(DoT,/ioDo S) X (Tb ,Sd) 

X ]D> 2 Co - 

I®07vc X 7 B 

IDIqUCi X IDj^Cg - 


DoK 2 X^p 1 


Doki x^P 1 


■ X Co 10 ) 2^0 

Do7C XTd 

Xco ^iCq- 
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The central piece, which is to be glued to the right of the previous one, is as follows: 


©0^1 Xco X DqCi Xco DiCo 

lx(Dir,SD)xl ^ 

DqCi Xco DiCi Xco DiCo- 


Xco Xco Dl^O Xco ©1^0 


/nxlxDi/ 

/2x(Bi/)2 


DiCi 


DiCi)^ 


iCi )4 






^ Tns (DoT,DoS)x(rB,SD) n \2 

hC2 Xco D2C0-^ (DqCi)^ Xco (DiCo)^ 


Do 7 C xtd 


/2x(Bi7)2 


Cf 

lX7cxl 

C? 

lX 7 cXl 

Cf 


Xcn Dl^O 


/bxBiJ 


^1^1 Xcn DlC; 


6 x 6 


' 1^1 Xco Cl 


And the right hand piece, to be glued to the right of the previous one, is 


^4 7CX7C ^2 



We proceed to verify that all the subdiagrams commute, therefore verifying that 
the counit preserves compositions. We begin in the upper left corner, so at the top of 
the left portion displayed, in which the only part that needs explanation is the part 
originating with the Dif/Ci in the lower left and ending in the upper right,. But both 
components agree because first Tuc '■= Tqo Kihy dehnition, and second So is natural. 

Proceeding to the rectangle next to the right, so at the top of the middle portion 
displayed, we hnd that commutation only needs to be explained starting with the 
middle DiCi in the lower left corner. This is equivalent to checking commutativity of 
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the diagram 



in which the bottom square commutes because ^ : DC —)■ C is a functor. We still need 
to check the top triangle. This amounts to checking the following diagram: 


Ix/b 



Pi/x 1 

f ("ni. 'T f im_ 

■ Dj^Ci 
B 17 C 

D1C2. 

The right side of the diagram commutes by the unital properties of composition in C 
and the category object D. The top left square expands to the commutative diagram 


DiCi 


yiT,STo) 


hCo XdqCo 



Di/xl 


Cl. 


DoCo ^0 


The left triangle commutes by the dehnition of II, and the rest of the diagram is 
straightforward. The lower left square commutes as a result of its expansion as 
follows: 

D1C2 - ^ s^ -- DiCi XboCo »oCi 


IX/iiD 


DqCo 



(To oPi T, Sb oDi S ) 
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where now the left triangle commutes as a consequence of the dehnition of Ir for the 
category object D. 

Returning to the large multi-part diagram, we proceed next to the second rectangle 
down on the left, which extends through both the left and middle portions. When 
restricted to the outer factors, both ways of traversing the rectangle coincide directly, 
leaving us with the part originating with Dif/Ci. To verify this part, we begin with 
the following diagram: 


Dif/Ci 


(To,e) 


ilKl 


iCi 

iTj},OiS) 

hCi XbqCo ®i^o -^ ©iCi XpoCo DiCi 


Ix^qI 


root/Ci XdqCo 




- ©0^1 Xco ©iCo 

IjuxOiI 

©1^1 Xco ©iCi 


6 x 6 


6 x 5 q 6 

Cl Xco Cl- 


The reader is warned that with the central dotted arrow included, the left rectangle 
does not commute, however tempting it may be to claim it does. The problem is 
that when projected to the right factor ©iCq of the target of the dotted arrow, there 
is an ambiguity in the structure map for ©i©oCo. The use of the map 6 dictates the 
use of /i o ©i/d, while the use of ri dictates the use of ©i.Co- They aren’t the same. 
However, the entire large diagram does commute. The projection onto the left factor 
causes no problems; we can even use the dotted arrow, although it is easy enough to 
see that the composites coincide. Projection onto the right factor is a consequence of 
the following diagram: 


©if/Ci - 
DiS 

' ’ 

©iDoh/g 

Di/j) 


JIlKl 


IBi 6 


2 /- 


©iCo 


Di6 


©iCg -^ ©iCl - 

^ ^ nil 6 


PiCi 


CBiCq 

Di. 

CBiCi 

Cl 
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The left vertical composite expresses 6 , so the diagram says that although 6 ^ DiS* o 
©1^1, they do coincide after composing with ,^i oD^J. This is the principle reason the 
left part of the previous diagram doesn’t commute with the dotted arrow included. 

Now we paste onto the right of the double rectangle diagram the following one, 
which completes the rectangle we wish to verify: 



The square is one we’ve checked before, and the triangle is analogous to the one we 
checked above. If the reader wants the details, here they are: the triangle amounts 
to checking commutativity of 


©0^1 XDqCo 
IxDi/ 

XdoCo 

^dxI 

©iCi XdoCo 



Bi 7 c 

D1C2. 


The top left square follows from being hlled in as follows: 


l,Di(/o5)) 


Di/_r 



(Td,ID)iS) 


iCi Xu^Cn 


DqCi XbqCo 

IxBi/ 


D1C2 


tDir,DiS) 



XdoCo 


(TnoBiT,Bi5) 



13. THE ADJUNCTION STRUCTURE II: THE COUNIT MAP 


93 


The bottom left square fills as follows, 

(TpoDiTiDiS') 


IO1C2 


XDoCo 



Jnxl 


and the rest follows from unital properties of 7c and 7BC- 


We return again to the large multi-part diagram, and proceed to the next rectangle 
down on the left: the second one that spans both the left and middle displays. The 
portion starting with D2C0 is unproblematic: both composites coincide explicitly. For 
the portion starting with Dof/C2, the part proceeding hrst via DqT commutes because 
of the square 


Dof/C 2 

]D)o /^2 
© 0^2 




BoT 


Dgf/ Cl 


to which ,^1 o Jp is then appended. The part proceeding from D0I7C2 via /u o DoS' is 
more of a challenge, but it too commutes as a result of the following diagram: 


DoF” C2 
BoS I 


D0C2 


BpCi DgCi DoDiCi 


In 


njCi DiCi 


6 


Dq^F Cl 


-^ DgCi - 

Dqki /d 


DiCi —-—^ Cl- 

?i 


In particular, this diagram exhibits the fact that although DoKio/ioDgS' 7^ DoS'oDoK 2, 
they do coincide when composed with ,^1 o Jp. This is the reason the rectangle has no 
shorter £11. 

Returning again to the large, multi-part diagram, we have arrived at the bottom 
of the left hand portion, which commutes because of the definition of 'yuc- The 
subdiagram to its right, which includes portions in both the middle and right displays. 
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is the product of two diagrams, one with source ©0^2 and the other with source ©2^0- 
The one with sonrce ©0^2 commntes as a result of the following diagram: 


XPoCo DqCi -^ ©iCi XpgCo ©iCi -^ Cl Xco Cl 


(BoT.BoS') ^ 


ID>07C 


= (T,S) 



And the one starting with D2C0 commutes as a result of the following analogons 
diagram: 


Di/xBi/ ?iX€oh ^ ^ 

hCo -^ ©iCi XbqCo ^iCi -^ Cl Xco Cl 


= (T,S) 



The remaining parts of the large, multi-part diagram are both in the right hand 
display, and are a conseqnence of associativity for 7c. We may conclude that the 
counit preserves composition, and is therefore a fnnctor. 

We still must show that the counit respects the ©-algebra strnctnre on LM, that 
is, that the diagram 


BiLUCi LUCi 

Die e 

©iCi ^ Cl 
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commutes. We expand using the definitions of e and and fill as follows: 


TpX^^l uXuU 

©iDot/Ci XpjDoCo ^ I^qUCi Dj^Co-^ ^qUCi XdqCo ®i^o 




Hq'^I Xdq^q 1 


TpXj’ 1 

PiDqCi XdiCo ^ 1^0 -^ Dq^i ^DoCo 


2 - 


/ 2 xro?/ 


DKX^ol 


Xco DlCo 

InxO-iI 


(JDoJTD))X'r 1 

D^Ci XbiCo »?Ci -^ D^Ci Xd„Co D?C 


^"^°^> DiCiXcoPiCi 


IBiGxBia 
DiCi Xjj^Co DiCi 
Bi 7 c 
D iCi 


DiOxBia 


(/boTi})Xx’ 1 


PlCi XdoCo Dl^l 


?ixeo^i 


Tbc 


«1 


6 x 6 
■1^1 X Co Cl 
7C 

Cl. 


The one part of this fill that may be less than clear is the triangle in the lower left 
corner, but this is a consequence of the left unital property of the category structure 
on D. In particular, we can expand the triangle as follows: 


DiCi XjjiCo Di^i 


(/d°Td)Xx|j1 


©iCi XpgCo 



Here the lower part of the diagram captures the left unital property for the category 
structure on D, and therefore the diagram commutes. It follows that the counit 
preserves the D-algebra structure on LM. 


14. The adjunction structure III: commuting triangles 

We wish to verify the adjunction triangles 

UC ULUC and LM LULM 

Ue 

UC lm. 
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Both of these are straightforward when restricted to objects: we have the actual 
adjunction between sets and Dg-algebras. We therefore concentrate on the maps on 
morphisms, and start with the hrst triangle. 

In general we have UCi = Ci DqCo, so replacing C with LUC, we have 
ULUCi = Dof/Ci XpqCo XdqCo 

where the structure map on the DqCq on the end is given by /r. Next, in general we 
have 


ULMi = DqMi XbqMo DiMq XbqMo 

and the unit rji : Mi ULMi is given by o S', ©oh ° S)- Replacing Mi with 

UCi and rewriting ©of/Ci as ©qCi XpgCo^o^O; we see that the unit rji : UCi ^ ULUCi 
is a map 


Cl Xco ©0^0 ©0^1 XdoCo XdoCo XdoCo 

given by the four components (77® o pi, o p2, lo o P2, Doh ° ^2)- The structure maps 
on the two copies of ©qBo need particular care: the first one has structure map of 
target type ©o'Co and source type /i, while the second one has structure map of target 
type p. 

Next, the counit ei : LUCi —)■ Ci consists of the following composite: 

^ ~ DoKiXc^l 

LUCi -^ ©oRCi XdoCo ^ Xco Di^o 

/dxBiJ „ ^ ?ix6 ^ ^ IC ^ 

-^ ©iCi Xco ©iCi-^ Cl Xco Cl-^ Cl- 

Since ULUCi = LUCi ^iuco '^oLUCq = LUCi XpoCo what Uei does is ei on 
the first factor, and ©o^o = Do'Co on the second factor. Writing for either way of 
composing in the commutative square 


©gCo 


DqCo 

io 


— z —^ Co, 
?0 
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we can express the induced map Usi as the following composite, in which the .^q 
simply has the effect of deleting the DqCq term: 


XDoCo XDoCo XDqCo 

DoCi Xco DiCo Xd„Co DqCo 


/pxDi/x 1 


?ix^ix.CgIDoCo 


DlCl XCo DlCl XdqCo ® 0^0 
Xco Cl Xco 


7 cxl 


Cl Xco DqCo — UCi- 


We proceed by identifying the composite up to, but not including, the very last step, 
which is the use of yc x 1, so the target is C\ Xcg C\ Xcq Do^o- if we project to the hrst 
factor of Cl, tracing through shows that the composite depends only on the factor of 
Cl in the initial source, and consists of either way around the triangle 


Cl > PoCi 



The top part commutes because the unit 77 ; 1 —)■ D is natural in the simplicial 
structure of D, and the bottom because Ci is a Di-algebra. 

If we project to the second factor of Ci, we see that the map depends only on the 
factor of DqCo in the initial source, and consists of either way around the commutative 
rectangle 


BoCo DiCo DiCi 


?0 


«i 


Cn 


Cl. 


Consequently, the image in this factor of Ci consists entirely of identity maps, so 
won’t change the first factor upon composing. We see therefore that the composite 
including 7c x 1 is the identity on the factor of Ci. 
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Projecting to the factor of ©0^0, the composite consists of either way around the 
commuting triangle 

DoCo—DgCo 

]D>ofo 
© 0 ^ 0 - 

The entire composite is the identity, and we see that the hrst adjunction triangle 
commutes. 

For the second adjunction triangle, we need explicit expressions for both Lrji : 
LMi —)■ LULMi and ei : LULMi —)■ LMi. We start by recalling LMi = DqMi XjjqMo 
DiMq, and also LMq := DoMq. Then since in general UCi = Ci we have 

ULMi = I/Ml XooMo — DqMi x^^Mo DiMq x^^Mo 

where the structure map for DqMq is p. We also have ULMq = LMq = DoMq. 
Applying L to all this, we get 

LULMi = Dot/I/Ml ^Dof/LMo ^iULMq 

— DqMi Xp 2 ^^ DqDiMq DqMq DiDoMq. 

(We must take care to note that the structure maps on DqMq are p for target type, but 
Do/i for source type.) Now rj : 1 —)■ t/L has components rjo : Mq —)■ ULMq = DqMq 
given by rjoo, the unit for the monad Dq, and rji : Mi —)■ ULMi given by 

Ml —)■ DqMi XpqM'q DiMq XpqM'q DqMo 

given by component maps {7]^^,!^ o S', Dq?] o S). Applying L to these data, we hnd 
the induced map Lr]i : LMi —)■ LULMi is given by the map 

DqMi XppATo DiAfo DqMi DqDiMo Xpg^ii^ DqMq Xp 2 ^^ DiDqMo 

with components (Do? 7 opi, Do(Id o S) opi, Do(Do?7 o S) opi, Dir/Bg 0^2)- In particular, 
the projection to the hrst three terms depend only on the hrst term of the source, 
and the projection to the fourth depends only on the last term in the source. 

For the counit map, we have in general the composite given above, namely 



LUCi 


DoKI Xc^ 1 

■ Dof/Ci XdoCo ^ lOoCi Xco Di^o 


IbxOiI „ ^ 6x6 ^ ^ 7c ^ 

-^ DiCi Xco DiCi-^ Cl Xco Cl-^ Cl. 


When we have C = LM, this becomes in particular the following composite, in which 
fU : DqMq —)■ DqMo is either way around the evident square, and simply has the ehect 
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of deleting the ©oMo term: 

DgMi Do©iMo Xo^Mo 

IXlXu/l^Xul „ 

-^ ©qMi DoIOiMo XpqMo ©iDoMo 


loX/n Id X (Hid’d J>Jd) 


©iDoMi XdiPoMo Di^o XpgALo DlDo^l XuiEDoMo Di^o 


[(/ioToX^oTjlj/i]' 


1x(DiT,Sb)x1 


lx(rD, 6 »)xl 


Do 7 mX 7 d 


^qMi XdqMo Did^o XbqMo Dod^fi Xb^Mq DiMq 
DoMi XbqMo ^iMi XbqMo DiMq 

■ lOo^i XdqMo Dq^i XbqMo DiMq XbqMo DiMq 

■ lOo^i XdqMo 'DiMq = I/Ml. 


We analyze the composite of this with Lr] by hrst stopping halfway through the counit 
at the term that gives LM2, namely 

3oMi XbqMo ©iMo XbqMo IOq^i XbqMo ©iMo. 


Projecting to the hrst term, and restricting to the hrst term in the source of Lr], we 
get the following commutative diagram: 


DqMi Di©oMi 



Projecting to the second term, and again restricting to DqMi in the source, we have 
the diagram 


^ 2 ]\/ r _ "'djb ui, ipi, tp(,2 


D^Mo —^ ©oDiMo 

Do Mo 


(Mo 

■DiMo. 


Doiili 
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Notice that /i o DoS' is the structure map for DqMi of source type. Projecting to the 
third term, and now restricting to DiMq, we get the commuting diagram 


DiMo DiDoMo DiDoMi 



DoiVfo-^ DoilPi- 

^ Pq/ 


Notice that Tb is the structure map for DiMq of target type. Projecting to the fourth 
term, and still restricting to DiMq, we get 

Diiffo-^ DiDoiVfo 



The net result of these calculations is that the composite map to LM2 can be written 
as the map 1 x (/r o DoS', Tp) x 1 , as follows: 


DqMi XjigMo DiTfo 

1X (/j,oDqS',Ti[])) X1 

-^ DoMi XdqMo DiTfo XbqMo Do^i 

where the source of the middle terms is the DoMq over which the pullback dehning 
the overall source is dehned. We examine what happens to these middle terms as 
we go on in the counit: the next term is the backwards arrow (which is however 
an isomorphism) and the forwards one, both from DiMi. We obtain the following 
diagram, which we claim commutes: 

DqMo -^ DiMo XbqM'p DoMi 

s '(Dir,SD) 

'iMi 
{Tb, 0 ) 

DqMi XpoATo Di^o- 
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The only part of the diagram that isn’t immediate from properties of categories and 
multicategories is the part involving 6, but that follows from the following diagram, 
in which the bottom row displays 6 explicitly: 

DqMo 

IbI X 

-^D^TIDIq 

DiMi DiDqMo ®i^o —^ ©iMq. 



It now follows that the middle terms in the part of the counit just before the compo¬ 
sition at the end, 


©0^1 XppMo ©0^1 X ©iMo XdqMo ©iTfo 


Do7mX7d 


DqMi XopMo 


consist only of identity elements, and so contribute nothing after composition. Since 
the terms on the end are given by identity maps in the total composition, we conclude 
that the second adjunction triangle commutes. 


15. The actual left adjoint: category structure 

In this section we begin the proof of Theorem 16.11 Recall that the morphism set 
LMi of the actual left adjoint is given by a coequalizer of two arrows to the morphism 
set I/Ml, while the objects are just the objects ©oMq of LM. 

We first give the category structure of LM. The unit map I : LMq —)■ LMi is just 
the unit map LMq —)■ LMi composed with the quotient map LMi LMi. Source 
and target maps are also inherited from LM, since the coequalization takes place in 
the middle of the two terms dehning LM, while the source and target maps are on 
the “outside.” The significant problem is verifying that the composition map on LM 
induces a map on LM. For this, we need to see that composition in LM preserves 
equivalence classes. Our strategy for doing so is to lift the composition in LM to the 
source of the coequalizer dehning LMi in two different ways so that the composition 
in LM then descends to the coequalizer. Here are the details. 

We abbreviate the coequalizer diagram as 

QM LMi -^ LMi, 

7 * 

where we have written QM for ©qMi Do©iMo XdqMo DiMq, "0* for the map 

©ot/’i X 1, and 7 * for the map 1 x 'jniiL ° ^o) x 1). We will construct a map T/j : 
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QM XbqMo LMi —)■ QM for which both top and bottom choices of horizontal arrow 
in the following diagram commute: 


QM X LMi 

QM = 


IptXl 

7*xl 

b* 


7 * 


LMi X LMi 

'^LM 
I 

LMi. 


This will show that equivalent morphisms in the left slot give rise to equivalent com¬ 
posites. We also construct a map Tl : LMi XdqMo QM for which both top 

and bottom choices of horizontal arrow in the diagram 


LMi X QM 

QM: 


Ixipf 

1x7* 


7* 


LMi X LMi 

'yiM 

I 

LMi 


commute. This will show that equivalent morphisms in the right slot give rise to 
equivalent composites, and therefore the composition descends to LM. 

We dehne T^ as the following composite, which requires some explanation about 
the map x- 


© 0^1 ©oDiMo XpqMo ©iTfo XooMo ©0^1 XDqMo ©iTfo 

l^xxxl 

©oMi Xp2^ij Do©iMo XpqMo ©0^1 XpqM'q ©iMq ©iTfo 

Ixxxl^ 

©qMi Xp2^ij DqMi Xp2^Q Do©iMo XDom'd ©iTfo XdqMo ©iTfo 

I Bo7m xlXTD 


©qMi Xd^a^o DqDiM) XdqMo ©iTfo 
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To explain x, we observe that both squares in the diagram 


Do©iMi DoPiMo 


I 

DgMi 


BgT 


|E1)oSb 

DgMo 


'' 


'' 


DqMi-^ DqMo 

^ BqT ^ ^ 


are pullbacks, the bottom one since Dq is Cartesian, and the top one since Dq preserves 
pullbacks (being Cartesian.) Consequently, we can dehne x as the composite 


DoDiMo XooMo DoM /<° f "^ DoDiMi 


SgMi DoIOiMo. 


There are now two diagrams we wish to commute involving T/j. The first one, 
using the arrows i/'* x 1 and in the diagram given above, doesn’t involve the hnal 
factor of DiMq before it is multiplied, so can be omitted from the diagram. With 
subscripts of Dq^o again suppressed, we wish the following to commute: 


DqMi Do©iMo X DiMg x Dg^i 


JDoipxl^ 


I^XX 


SoTfi X Diiffg X Dgiffl 
Ixx 


^B^Mn Do®l-^f^O X DgilTi X ©liffg - ^ Dgiffl X Dgiffl X D^iffo 

0 Bopxl^ I 


Ixxxl 


JqMi Xp2jy^j, DgMl roglOlMo X DiMq 

Bo7m xl^ 

©0^1 Xb^Mo Do^iMi X DiMq- 


xl 


I®07m X1 


JgTfi X ©liffg. 


However, the top rectangle commutes by naturality, so we are left with the bottom 
rectangle, in which the DiMg at the end plays no role. We are left with wanting the 



104 


rectangle 

©O-^l '^OgMo X 1S)qA4i -^ DgiV/i X 'DqA4i 

Ixx 

DqMi Xo^Mq Dq^ 

ID)07m X1 

DqMi DqDiMo -^ DqMi 

to commute. In order to verify this, we need some observations about the presheaf 
actions on Mi and M 2 . 

First, the target map M 2 —)■ Mi is supposed to be a map of presheaves over the 
functor De : D^(=t:) —)■ D(=t:). In order to lift this to the actions by D^Mq and DMq, 
we need the following diagram, in which the dotted arrow labeled e* is induced as a 
map of pullbacks from the left tall rectangle to the right one: 




We can glue the following pullback cube to the top of the diagram, where the map 
1 X £* is so named since it really expresses the composite 
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^2 X 1)2 Mo Di^O 


M\ X D^Afo 


DoiWi 


©0^1 ^igMo ..^ DiMq 

We can express the fact that the target map T : M 2 —)■ Mi is a map of presheaves 
over De by the diagram 


Tx„oeBi. 


M2 Xi2(*) Df(*)-^ Ml Xoq(*) Di(*) 


But the previous two cubes allow us to rewrite the top arrow to give the equivalent 
diagram 

M 2 XigMo ^iMo - 5- Ml XoqM'q ©oMi Xo^ji^Q DfMo-^ Mi XbqMo DiMq 


Meanwhile, the equivariance of S : M 2 —)■ J^qMi as a presheaf over D^Mq can be 
expressed by the commutative rectangle 


5x1 

M2 XigMo Di^o-^ DqMi Xpg^p D^Mq 


M 2 - - -^ ©0^1; 

and the equivariance of 7 m : M 2 —)■ Mi as a map over fi : D^(=t:) D(=t:) lifts directly 

to fi : D^Mo DMo in the rectangle 

o "y M ^ u 

M2 XDgMo © 1^0 -^ Ml XoqMo ^iMq 
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We return now to our previous reduction of the first diagram, which we expand 
and augment as follows: 


’^D^Mo DqDiMo X ©0^1 ~ 
DqMi Xo^Mo DqDi^o ^o^Mo 

1 X (IDqOiT’, 

DqMi 


1x(Do^D51D>o^) 


Do'01 1 


Do'0><l 


X DqA/i 
1 X fxl-l 

\Mi DqMi 



I®07m X1 


SoMi Xp2^p DqDiMq 


I®07m 


Do'i/'i 


©0^1 


All the sub-diagrams here already commute, with the exception of the second one 
down: the one with the second Do'i/’i x 1 as its top arrow. This sub-diagram can be 
turned upside down, and have a Dq stripped off, to become the following diagram of 
our desire, in which, as usual, we suppress subscript DqMo’s on products: 


1 X (TpjID)! (/pcs')) r\ 

Ml X DiMi —-^Ml X DoMi x^^Mo 


lx(Dir,Sn) 

Ml X DiMo X DqMi 


■i/ll X 1 


Ml X DqMi. 


This diagram commutes precisely when it does so after projecting onto each of the 
factors in the target Mi Xp^Mo DqMi (which is the same thing as M 2 ), to which we 
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can then apply the equivariance diagrams we already know about 1 ^ 2 , namely 


1 w ^ 

Ml X ]D)qMi DfMo-^ Ml x ©iMg 


^2 

Mx X lEDgiV/i 


Pi 


T=pi 


Ml 


and 


Ml X DqMi Xp2^Q DiMo 
p2 

M\ X IDgiV/i — 


P23 


S=P2 


SoMi DiMo 

D'l/'i 

-^ DqMi, 


where Di/>i indicates the action induced by the D^(=t:) action on © 0^1 • Combining 
these with the previous diagram, we hnd that the diagram for F/j with the top arrows 
commutes as a consequence of the following two lemmas. 


Lemma 15.1. The diagram 


M X DiM] 


lX£*(Tn,Di(/D°S')) 


1 


M X DiMo 


IxDiTj 

M X DiMo- 

pi 


pi 

'' 


Ml 


commutes. 


Prooe. It suffices to show that 

©iT = ^^.(Tjd), ©i(/id) o S)) : ©iMi —)■ ©iMq. 

From the diagram defining e*, since its target is the pullback 

©iMo = DqMo X]Uo(*) ©i(*), 

we see that e* is completely determined by the two composites 

Tb o c* = DqT" o Pi and (©le) o = ©is o ©^e o p 2 - 

We can therefore compose our desired equality with Tb and ©le to see if it is true. 
Composing with Tb, we hnd that 

Tb o e*(TB, ©i(/d o S)) 

= ©qT o Pi(Fd, ©i(Fd o S)) 

= ©qF o Tb = Tp o ©iT. 
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Composing with we have the diagram 


DiMi ©iDqMo ©?Mo 



which commutes since e : Mi ^ * is terminal. We may conclude that the diagram 
commutes. □ 

Lemma 15.2. The diagram 


DiMi 



Do Ml 


commutes. 


Proof. We need some generalities about how the action of D^(Mo) on DqMi can 
be expressed. Whenever we have a presheaf X over a category C, we know that DqX 
is a presheaf over DC. This is because D preserves target covers, which are equivalent 
to presheaf structures on the objects of the source category of a target cover. In 
particular, we may conclude that 

l»(C/A')|i —|D(C/X)]„ 

(DC)i- - -► (DC)„ 

is a pullback diagram, which with a little unpacking becomes 

DiX XjdjCq DiCi-^ DqX 

Doe 

^ DqCq. 
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This in turn expands to 

DiX XbiCo ©iCi ^ DoX Xp^co DoCi DqX 

Poe 

®i^^i-^ DqCi-——^ ©oCq, 

ip DqI 

both of whose squares are pullbacks, the left one because of the general principle that 
whenever we have a function f : X ^ Y, there is a canonical isomorphism 

DqX Xj^^y DiX = DiX. 

(This is a consequence of the fact that —)■ is a cover, and therefore so is 

D(/'^).) Now tracing definitions shows that the action of DiCi on DqX is given by 
the maps 

DqX XpgCo I® 1^1 — DqX XjjqCo DqI^i XpoCi DiCi 

= DiX XbiCo DiCi — Di(X XcqCi) 


hX 


©oX. 


In our case, we have Mi in the role of X and D(Mg) in the role of C, so we can express 
the action of on DqMi as the composite 

©0^1 ^DgMo ©1^0 — ©0^1 ^DgMo l®oID)lMo Xp^DiMo ©iTfo 

— ©iMi XdiIDoMo ©iTfo = Di(Mi XdqMo Di^o) 


©iMi ©oMi, 


which is the map denoted ©i/'i in the diagram we are currently trying to verify. We 
can now do so by means of the following diagram: 


®i^i —DqMi Xjjg^Q Di©oMo-^ DqMi ©^Mq 

— — 

©iMi XpjDoMo ©iDoMl -^ ©iMi XpjDoMo ©iTfo 

Di'01 

©iMi 
5b 
© oMi. 

The two diagonal arrows are the canonical isomorphisms, so compose to the identity, 
and the only nontrivial sub-diagram is the lower triangle, which commutes because 
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of the unit property of the action ipi. We have completed verifying coherence of the 
hrst of our four directions for descent of the product on LM to LM. □ 


The diagram involving Tjij with the bottom choice of horizontal arrows again 
doesn’t involve the last factor of ©iMo, but omitting it still results in a diagram that 
is too wide to £t on the page. The left half is the following, 


DqMi Xo'^Mo DoDid^o 






SoTfi X X lEDgiffi 

I’^xx 


1x„(uo/d)x1^ 

DgiWl ©gDiTfo X Dg-hfl X Diiffg -^ DgiWl X Diiffg X Dgiffl X Diiffg 


Ixxxl 


Ixxxl 


2/1^ X. „ Tn_n ix^ mxm(m°1p)x^i ^ 


DqMi DqMi x^2j^^ DqDiMo X 3iMq 

Do 7 m X i^ 


JqMi DqDiMo X 3iMq -^ 


X^{ltoIo)xl 


I Do7m XI 

DgMi X {^iMqY, 


and the right half, to be pasted to the right of the above part, is 


2 . . TT^ IXTDXl 


DqMi X (DiMq)^ X DqMi -i 

I’^xx 

Jgiffl X KDj^iVfg X Dgikf]^ X IDj^iVfg 
Ixxxl 

I 

2 xWTm /17-W2 


DoAfi) X (DiiWo) 

Do 7 mx 1 

©oMi X (DiMo) 


Ixtd 


nJoTfi X DiTfg X lEDgiffi 


Ixx 


[lEDod^i)^ X KDiiffg 
Do 7 m X 1 

■ ©iMi X DiMq. 


The top part of the right half is the product on the right with DoMi of a diagram we 
verified as part of showing that was associative, and the bottom part is a simple 
naturality diagram. The top part of the left half is also a naturality diagram, and 
the rest of the left half doesn’t involve the last factor of ©iMg. Deleting it, we are 
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left with verifying the following diagram: 


lx„(ao/n)xl 

\Mi DqDiMo x DqMi-^ DqMi x ©iMo x DiMi 


Ixx 


Ixx 


,, _ _ 1X ^ X u 

rooMi DqMi DqDiMo-^ DqMi x DqMi x DiMq 


Do 7 m X 1 
DqMi Xjj2jy^jj DqDiMq 


lx^(/io/n) 


I® 07 m X 1 
'^qM\ X D^iffg. 


The bottom half of the diagram follows from the fact that the map 


DgMi DgMi-^ DgMi X DiMq 

is a canonical isomorphism between two expressions for D 0 M 2 : the relevant diagram 
is as follows, and consists of two stacked pullbacks: 


D 0 M 2 DgMi 


DoS 

DgMi 

DgM^l 


jgT 


DoT 


DoS 

DgMg 
■ DgMg. 


Expanding the top half of the previous diagram by deleting the initial DgMi, 
which plays no role, and using the dehnitions of x and y, we get the following hll: 


DgDiMg 


JdxI 



DgDiMi 


DgMi ^DgMo Do® 1^0 


PgMg X DqMi 


fJ,X 1 


ti2 ^ 


DfMi- 

(TlOid) 
SgMi Xo^Mo Di^o 




DiMq X DqMi 
^ (DiT,Sb) 
—^DiMi 

(To,e) 

DqMi X DiMq. 
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Here the projection of the top left square to the factor of D^Mq is just a naturality 
diagram, and the projection to DqMi follows from the following: 


DoDiMi —^ BjMi 



The upper right square, projected to DiMq, is again a naturality diagram, and the 
projection to DqMi is trivial: both composites are S'© o p. The lower left square, 
projected to DgMi, follows from the fact that To o = 1, and the projection to 
ro^Mo follows from the fact that lo is a natural map from Dq to Di; this is part of 
the category structure on {Dq,©!}. In the lower right square, projection to 3oMi is 
again a naturality diagram, while projection to ©iMg uses the expansion of 9 as the 
composite 


©iMi DiDoMo D^Mo —^ DiMq 


to give the following £11: 


„ „ D?7d o Diu „ 

D?Mi DfDoMo D?Mo D^Mg 





, ^ DiS 


Tn. 


DiMi DiDoMo D^Mo —^ ©iMq. 


This completes the verification of the diagram involving T^j with the bottom choice 
of horizontal arrows. It follows that composition in LM preserves equivalence classes 
in the left slot. 

We display T^ as the composite in figure [H where the unadorned products have 
the usual suppressed subscript DoMq. Some care is necessary in reading this picture; 
in particular, the temptation to use the composition Viq'^m '■ ©o^i ^ ©o^i DgMi, 
suggested by the fact that DgMi x DgMi = DgM 2 , must be avoided, since the map 
does not preserve the structure map of source type to DgMg. Instead, we must use the 
somewhat more complicated formalism displayed. The preservation of structure maps 
along the /i in the middle of the next to the last arrow of the figure is a consequence 
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of the following diagram: 



X X Do®l-^^0 ^ ©lA^fg 

^ lx(Dir,SD)xl2 

Dgiff]^ X ID)]^^B^Mo I®0®l-^ffo ^ ©liffg 

^ lx(Tn,BiS)xl2 

DqMi X ©0^1 ^DgMo l®ll®0^0 ^BgMo DqDi^O X ©iMo 

^ i2x(DiTd,Sd)x1 

DgAfi X ^ D^iffo 

^ l2x(rD,BiSD)xl 

DqMi X ©oMi Xj}2Mq ©o^l^O ^BgMo DiDq^O X ©iMq 

— lx^//x^/^xl^ 

DqMi Xjj2jy^j, DgMi DqDiMq DiDq^o x DiMo 

Do7m XdqjjI® 

DqMi DgDiMo Xjj, 2 j^^ roirogMo x DiMo 

1X Bo (Ato/n) X ^ (/^oBi /p) X1 

Dgiff]^ ^DqMq Do® 1-^^0 ^ Dj^iffg X 

1^X7b 

DqMi Xjji2]^^ DqDiMo x DiMq. 


Figure 1. 
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The diagram with T l and the top choice of horizontal arrows now consists of a left 
colnmn as in hgnredl connected to a right column as below by an arrow x DoV'i x 1 
on top and one on the bottom labeled Dot/’i x 1. The right column expresses the 
multiplication in LM, as in the hrst diagram, but we expand it a bit for the purposes 
of hlling in; it appears as follows: 

Dgikfi X ©likfo X Dgiffi X ©liVfg 
^ lx(Dir,SD)xl 
DqMi X DiMi X DiMq 
^ lx(Tn,roi5)xl 

DqMi X DqMi Xp2^p DiDqMo X DiMg 

^ lX^/iXl2 

DgMi Xn'^Mo DqMi DiDg^o x DiMg 

B>o7m X ij. ) X1 
DqMi X DiMq X DiMg 

IXTn 

DgMi X DiMq 


We now proceed to £11 in the diagram with T^ and the top choice of horizontal 
arrows, and start at the top, where the first part of the fill doesn’t involve either the 
first factor of Dg^i or the last factor of DiMg, so we omit them. The claim is now 
that the diagram 


DiMi Xjjg^^ DqDiMo 
^ (Dir,SD) 

DiMq X DqMi DqDiMo 


1X5„Sd 


PlMi XdiDqMo ©iMl 


Biii/ji 


1 xDo'01 


'iMi 

hT,Sn) 
iAIq X DgilT]^ 


commutes; it has to be turned upside down in order to fit into the larger diagram 
(which we haven’t actually written down completely, for reasons of size.) The pro¬ 
jection to the first factor of the lower right corner commutes since it’s Di applied to 
the following diagram, which expresses the fact that V’l preserves targets: 


Ml X 'DiMq -^ Ml 



Mq. 
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Projection to the second factor amounts just to commutativity of the naturality dia¬ 
gram 


Di(Mi X ©iMo) — 


So 


Do(iWi X 


^oi’i 


So 

I 

\Mi. 


We may conclude that the hrst part of the £11 commutes. 

The next part of the fill also doesn’t need the first or last factors, and consists of 
the following diagram: 


IXSn'S’n „ Di-iii 

- ^2,1^ 


DiMi Xn^Mo lOoDiMo — ©iMi x^iUoMo ^iMq 



(TofiiS) 


©0^1 ©oDi^o DiDqMo 


lio‘4’1 X 1 


DoMi DiDoMq. 


The upper left portion consists entirely of isomorphisms, and commutes by projecting 
to each of the three factors of the target, which is second down on the left column. 
The projections to the outer two factors commute trivially, and the one to the cen¬ 
tral DiDqMo commutes since they coincide with the structure maps in the pullback 
DiMi Xp^BgMo ©iTfo that gives the source of the sub-diagram. We are left for this 
portion of the fill with the diagram 


©iMi XjjiOoMo ©iTfo 

TdXTjjI ^ 

©0^1 ®1"^0 

lx(rD,Dl5D) I = 


©iMi 

^ (Td.hdiS) 


©qMi ©o©iMo ©iDqMo 


Do'01 X1 


DqMi ©i©oMo. 
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Projecting to the factor of DqMi in the target, we see that the diagram reduces to 
the naturality diagram 


Di(Mi X DiMo) 



Do(Mi X DiMo) > DqMi. 

And projection to the factor of DiDqMq consists of Di applied to the diagram 


M\ X Oiiffg -^ Ml 


DiMo 


s 

' ’ 


DqMo, 


which records the fact that ipi preserves source structure maps. This part of the £11 
is now complete. 

The next part of the fill is just the naturality diagram 


DqMi XBgMo Do®i"^o 
DqMi Xjj2jy^j, DqDiMq 


lo’/’i 


Doyi 


DgMi 

DqMi 


turned upside down and with DqMi attached at the front, and DiDqMq x DiMq at 
the back. 

We come next to the following diagram, in which a DiMq at the back has been 
suppressed: 


DqMi Xn^Mo Dq^i Do®i^o Xb^Mq DiDoAfo 


I^xBoIdxI 



©qMi DqMi XngMo 


DqMi DqMi Xps^Q DoD^Mq Xjug^y^^, DiDqMo 

D’o7m XnQ,jI!)oMXM(A‘°®ilD) 


DqM^]^ Xb 2^ DQDj^iffQ X D^iffg - 

U 1 lUpMo u 1 u i u Bo^jXl 


I®07MX^(/ioDi/n) 


DqJIP]^ X Dj^iffQ. 
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While it is clear that the part involving the last factor commutes, since it is just the 
composite 

DiDqMo D^Mo ©iMo 

either way around the diagram, it is displayed here to emphasize that the structure 
maps are preserved by the arrows in the diagram, especially the second one in the 
left column. In the source of the arrow, the structure map of source type for 
is given, by examining the previous £11 diagram, by the composite 

DoDfMo ©gMo ©gMo. 

This does map to the structure map for DoIOiMo in the next term because of the 
commutativity of 

©oD?Mo ©gMo —^ ©gMo 


in which the structure map for DqDiMo now appears at a right angle. 

Stripping off the last term, we wish to see that 

o o IxUn-i/ii 

DqMi DqDiMq -^ ©o^l ^IDgMo 

I^xDq/d 

DqMi 

D’o7mXdo(j®’oA‘ 

DqMi DqDiMo -^ ©o^i 

commutes. However, this can now have a Dq stripped off, resulting in the diagram of 
our desire looking like 
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Filling this diagram requires the following lemma connecting the presheaf actions on 
M 2 and Ml. 


Lemma 15.3. The following diagram commutes. 


(T,S)xl 


^2 ^DgMo ©oDiMd —Ml X DoMi ©oDiMo 


Ix/n 


^2 XnjgMo ©1^0 
M 2 - 


(r,s) 


Ml X ]D)q(^Mi X Diiffg) 
1 xDqV’I 

f 

Ml X ©0^1- 


Proof. If we project onto the second factor, the resulting diagram commutes as 
a consequence of the following one: 


^2 ^O^Mo ©oDl^O 


Ix/n 


5x1 


DgMi Do©iMo 


S'V 1 

M2X„2Mo^IMo— ^ ^2 



©0^1 ^IDgMo ©iMd 


■02 


©l(Afi X ©liffg) 


Mo 



Do(iWl X ©liffg) 
00-01 
©oMi 


Here the lower right rectangle commutes because of the requirement that S : M 2 
©qMi be a map of ©^(Mq) presheaves, along with our previous identihcation of the 
presheaf action on ©qMi. The only other part of the diagram that isn’t immediate 
is the upper left (somewhat distorted) square, but that is a consequence of the fact 
that Id splits Tj} in the following naturality diagram, in which the right square is a 
pullback: 


©o(Mi X ©iMo) -^©i(Mi X ©iMo) ^^©o(Mi x ©iMg) 



Do©iMo 


©fMo 


Dop2 

■ ©oDiMq. 
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Projection onto the first factor requires us to see that the diagram 


^2 Xb ^ Mq Do ® 1^0 


Pi 


Ix/n 


^2 XfigMo D^Mq 


l /’2 


Mo 


Mo 

T 

Ml 


commutes. However, this follows as a result of the following larger expansion of the 
diagram: 


(T,5)xl 

^2 XogMo DqDiMo -^^ Ml X DqMi DqDiMo 



incorporated in the right hand column. However, we can expand the diagram dehning 
c* to include /p’s as follows: 



In this diagram, the left c* does have DqMo as its target, since both the front squares 
are pullbacks: the right one since e : Mq —)■ * is a target cover, and the left one since 
Tn o = id. Consequently, the top of the diagram tells us that e* = DqT opi, as 
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necessary in the previous diagram. This establishes projection onto the hrst factor in 
the diagram of the lemma, concluding its proof. □ 


We can now proceed with the current £11 diagram, above the statement of the 
lemma, which follows from its expansion as follows: 



Here the irregular pentagon in the upper right is a consequence of the previous lemma, 
and the distorted square at the bottom expresses the equivariance of 7 : M 2 —)■ Mi 
as a presheaf map over the monad multiplication —)■ D. 

Now the final part of the fill is just the naturality diagram 


Dnyi X1^ 

SoTfi ^ ©liffg X DiTfg -^ IDgiHl X Diiffg X ©liffg 


l^XTD 


SqMi Xo^Mo X DiMq 


IDo'01 X1 


Ixtid, 

/ 

■ © 0^1 X DiMq. 


We may conclude that the diagram with T^, and the top choice of horizontal arrows 
does in fact commute. 

The diagram with T^, and the bottom choices of horizontal arrows is as with the 
top choices, but with the two horizontal arrows replaced with x 7 ^ o ((/i o Jjj) x 1 ) 
on top, and similarly on the bottom without the square on the 1. In pursuit of this 
diagram, which amounts to a glorified associativity diagram, we need a few lemmas. 

Lemma 15.4. We have a natural isomorphism of natural transformations 


©2 


©2 Xd2 ©?. 
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Prooe. There are at least three diagrams that will demonstrate this; the one we 
want is the following one: 


©2 


D2 <Sd 


—^ Di ©2 

DiSn 


BiSn 


TTh Trh2 ^ ^ 

©2©! -^ ©1 -^ Dl©0 


Sn 


Sj} 


©? -^ © 0 ©! -^ ©n 

^ Tjji ^ -L Ti\^TL U 


The upper right and lower left squares are pullbacks by dehnition. The upper left 
square is a pullback since So : © 2 ^^ —)■ ©iX*^ is a target cover for any set X, which 
©2 preserves, and the lower right square is a pullback since To : ©iX^ —)■ ©qX”^ is a 
source cover, which ©i preserves. The total diagram is therefore a pullback. □ 


From this, we can now proceed to the following lemma. 
Lemma 15.5. The diagram 



commutes. 


Proof. We can £11 the diagram as follows. 



The upper left triangle commutes since Ir can be expressed as the composite 


©1 




D 


JdxI 


—^ © 2 , 


'o XBo ©1 


'l XDo ©1 
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and similarly the upper right square commutes since II can be expressed as the 
composite 

Di-^ Di Xup Do-^ Xdo ^ ®2- 

The rest of the diagram expresses the unit conditions for 70. □ 

The next lemma is the one we will really need for the diagram with T^ and the 
bottom choice of horizontal arrows: 

Lemma 15.6. The following diagram commutes : 

Bl DiDo Xrog DoDi 



Proof. We can expand and hll in the diagram as follows: 



(Tp,5ro) 


2 


The left triangle commutes by the previous lemma, the upper right square because /i 
commutes with To and So, and the lower right square because fi commutes with 7^; 
all of these are aspects of the fact that D is a category object in monads on Set. □ 


We can now begin hlling in the diagram with T l and the bottom choice of hori¬ 
zontal arrows, which has its left column the expression for T l displayed in hgure [H 
connected to a right column we may need to display after hlling, and connected across 
the top using the action 0 : DqDiMq x DiMq —>■ DiMq given by the composite 


D^Mo X DiMo 


/J.X 1 


7d 


DqDiMo X DiMo 


IdxI 


DiMo X DiMo 


DiMq. 
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The first part of the hll consists of the following diagram, from which an initial DqDi 
has been snppressed, since all its morphisms are the identity: 


©iMq X DqMi DqDiMo X DiMq 

(Dir,S'D)xl2 ^ 

DiMi Xo^j^Q ©oDiMi X DiMq- 

(Td,PiS)x1 I ^ 



ixp.4> 


©iMo X DqMi X ©iMo 
s (Dir,SD)xi 
—^ ©liffi X 'DiA4q 


DgilTi 



(Tn,I!)iS)xl 


Oo-^ffi ^BqMq DiI®o-^f^o ^ D^Tfo X ©liffQ. 


For the rest of the fill, we can delete all terms involving Mi, since they just get 
multiplied together and have no effect on the rest of the diagram. Since the rest of 
the diagram involves only Mq, we can suppress it, and now wish to verify the following 
diagram: 


DiDo Xd2 DqDi X Di 
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The upper left part commutes because of lemmathe part below it by its analogue 
switching To and So, and the only other part of the diagram requiring verihcation 
is the third part down on the left. That diagram, however, easily commutes on 
projection to the second and third factors of Di in the target, leaving us only with 
projection to the hrst factor. That in turn falls to commutativity of the following 
diagram: 


DgDl 


Dq/d 



DoDi 



We have verihed all four diagrams we needed in order to see that composition in LM 
descends to composition in LM. It follows that LM inherits a category structure 
from LM. 


16. The actual left adjoint: D-algebra structure 

We next need to show that LM inherits a D-algebra structure from LM. For this 
purpose, it is convenient to recognize that the composite 

DqMi XpgMo DiMq 


DqMi Xo^Mo XpoMo DiMo 

IxBoId 

DgMi Xo-2Mq DqDiMo XooMo DiMo 

provides a common right inverse for the two maps coequalized by the map from LMi 
to LMi. Consequently, the coequalizer is reflexive, and so is preserved by products. 
This is most of the proof of the following lemma. 

Lemma 16.1. Let D be the monad associated to an operad. Then D preserves 
reflexive coequalizers. 
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Prooe. Let 

9 

serve reflexive coequalizers, 


C* be a reflexive coequalizer. Then since products pre- 


sn 

^ I, n 


is also a reflexive coequalizer. The identity coequalizer on T>n is also reflexive, so 


ixr 


V^xA^ A 


ixg" 


■ X B^ 


Ix/i" 


Vn X 


is also a reflexive coequalizer. Now passage to orbits, being a colimit, commutes with 
coequalizers, and the section map is also preserved. □ 


We wish to show that the D-algebra structure on LM descends to one on LM, 
and since the objects of LM and of LM coincide (both are DqMo), and we have 
shown that the quotient map preserves the category structure, it suffices to show 
that the Di-algebra structure on LMi descends to LMi. Since LMi is dehned as the 
coequalizer of a reflexive fork, we can use the previous lemma to express DiLMi as 
the coequalizer of Di applied to that same fork. Now we want the action map 

DiLMi LMi 

to descend to one on LMi, that is, we want to dehne an action map on LMi so that 
the diagram 


DiLMi LMi 

©iLMi-^ LMi 

L 


commutes, where the vertical arrows are given by the descent map from LMi to LMi. 
In order to do so, we recall that the action map on LMi is given by the map 


i)l(Do^l X DiMg) — ©iDgALi Xjj^jJq^q ^ rogiVfi X Diilfg. 
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What we will use is an action map ^ on the source of the coequalizer, and show that 
the resulting two diagrams 


Di(©o^i XpgMo ©oDi^o X lOiMo 
]D)i(DoV’i 



DoV’i 1 

''' 



qMi DoI®iMi X DiMo 

lX(/) 


]D)i(DoiWi X Diiffg) 




X ©liffg, 


one each for choice of left vertical arrows or right vertical arrows, commute. It will 
then follow that induces an action map on LMi, as desired. 

For ^ we choose the map 


DiDg^l XoiDgMo DiDqDiMo XjjjDoiWo Di^o 

(/AO/p) (^07p) X 

DqMi DqDiMo X DiMq. 

In order to see that this map is well-defined, we call the first two factors in the source 
Pi2 and the second two P23, and display the commuting diagrams 


P 


12 


P2 


PI 


■ ©iDgMi 


To 


BlMi 


DiDoDiMo ©iP^Mo 




■BqMi 


DiDq'S'd 

ID’o'^'d 


DiBoTd„. 

9 71 /T TT^.*^ 

71 /T P Tr^9 


Dq^o 



DgDiMo —^ ©oMi^o 


and 


P 


23 


Tn\ Tr?\ TT^ 71 /T TP{\2TP^ ^ ^ 


DiDqDiMo D^DiMo DqDiMo 


P2 



■rogMo 

p 

SqMo. 


Now the diagram we want with the left choice of vertical arrows doesn’t involve the 


terms D^Mg- 


DiMg, but the rest of the diagram now rednces to the naturality 
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diagram 


Di©o(^i XdqMo DiM)) 
DiDqV’i 

DiDgAfi - 


fioTn 


Do (Ml XbqMo DiMq) 


ItoTn 


iMi. 


The diagram we want with the right choice of vertical arrows doesn’t involve the 

terms DiDqMi-^^^—^DqMi, and so the diagram reduces to the following one, which is 
still to be verihed: 


DiDqDiMo XbiDoAIo DfMo 


P?Mo 




DqDiMo XdqMo DiMq 


DiMq. 


However, this can be hlled in as follows, expanding the dehnition of 0 = 7 b((/io/d) x 1 ), 
and suppressing the Mq, since it plays no role: 


r» ^ Tin\ 1 fl'X. u 

DiDqDi XbiDq ®i-^ DqDi Xp2 Dj^-> 


xl 


7nXl 


PqDi Xb, Di 

I 7 nX 1 


(JDo7b)xTpl 

D? Xp,Bo D? -^ ro? Xp2 Df 




Diltx 1 
Tni2 


Di/iX 1 


1 Xd^Bo Di 


(/D° 7 b)xT 1 


1 Xpo Dl 

/iXl 


,2 p 2 X p 2 


I^TD 
■Di. 



It follows that the D-algebra structure on LM descends to one on LM. 


17. The actual left adjoint: the counit 

We need to show that the counit e : LUC —)■ C factors through LUC. Since the 
quotient map LUC —)■ LUC is the identity on objects, this amounts to checking that 
the map on morphisms factors. Since the quotient map is a coequalizer on morphisms, 
this happens if and only if the counit e : LUCi —)■ Ci coequalizes the maps dehning 
LUC. We begin by recalling that the action ipi : UCi XbqCo ®i^o can be expressed as 
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the composite 


UCi XdoCo ®i^o Cl Xco DiCo- Ci x^q DiCi 


Cl Xco Cl Xco DoCo — Cl Xco DqCo = UCi. 


Now the counit ei : LUCi —)■ Ci expands as the composite 


BoKl Xfn 1 

Dq^CCi XiigCo ®iCo-^ DqCi Xco DiCq 


/dxDi/ TTh /7 n n n 

-^ DiCi Xco ©iCi-^ Cl Xco Cl-^ Cl- 


Since the hrst step of the counit is DqKi on the factor of Dof/Ci = DqCi XBoCo DqCo, 
and Do^i just discards the DqCo, we can rewrite the composite ei o (Dot/’i x 1) as 
follows, in which it should be noted carefully that the structure maps from DqDiCq 
to DqCo are not the same: to the left it’s Do.Co(^b); and to the right it’s p o DoS']}: 


Dot/Ci Xugcg DqDiCo XpqCo DiCo-^ ©oCi Xb^cq DqDiCq Xp^co ®iCo 

1xIDaDi7x1 IxIDqi^iXp^I 

-^ DqCi XpgCo DqDiCi XpqCo DiCq-^ DqCi Xp^Co DqCi x^q DiCq 

DoTcxI ^ Tn, lux'll! in, /7 Tn^ r) n n 

-^ DqCi Xco DiCq -^ DiCi Xcq DiCi-^ Ci Xcq Ci -^ Ci. 


We can now rewrite this using the following diagram, which starts at the second term 
of the above composite: 


DoCi X DoDiCo X DiCo x D^Ci x DiCi 



x/nxDi/ 


IxDoDi/xl 

JqCi X DqDiCi X DiCq | 

IxDo^i x^Q 1 

DqCi X DqCi Xco DiCq x DiCi Xco DiCi 


Bo7c X1 

DqCi Xco ®iCo 


/nxH 


DiC 


TDCXl 

1- 


The bottom rectangle simply records the fact that the composition of identities is 
the identity in the category structure on D. We can now express the composite 
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Si o (Do'^1 X 1) as follows: 


DqUCi Xjjgcg DoIOiCo XpgCo Dil^o-^ ©ol^i ^BoCo DqDiI^o XdoCo DiCq 


^ ^2^ .. lxBi6xeol 


hCi XbqCo D^i XbqCo Dil^i 


DiCi xco DiCi Cl xco Cl 


DiCi XogCo ®il^i Xco DiCi 

1C 


■Cl. 


Next, we appeal to the diagram 


DiCi X ID^Ci X DiCi-^ ©iCi X(jp DiCi x ©iCi-^ DiCi x^^ DiCi 


IxDi^iXjjjl 




X£n?l X?1 

DiCi X DiCi Xco DiCi-^ Cl Xco Ci Xcq Ci 


1 X 7 C 


TOC xl 

TCi Xco DiCi 


Cx?l 


pcxl 
■ Cl Xco Cl ■ 


'Co 
^1X6 

■ Cl Xco Cl 

I 7c 


1C 


■Cl, 


in which the upper left and lower right rectangles are associativity diagrams, and the 
upper right and lower left follow from the requirement that ^ : DC ^ C be a functor; 
in particular, the diagram 


(DC)2 ^ C 2 


TTBC 


1C 

'' 


(DC)i—Cl 


must commute. Note that the action map ^2 can be rewritten as T x^p Tj fhe 
rectangles in the previous diagram now follow. We can now rewrite our composite: 
El o (Dqi/’i X 1) coincides with 


DqICCi Xjjgcg DqDiCo XppCo OiCo-—^ DqCi XbqCo OoOiCq Xp^Co OiCo 


IbxIbBiIxBiI^ ^ Tr> ^ Ix^pltxl 


DiCi XppCo OiCi XppCo OiCi 

IXTnc 


iCi Xco DiCi-^ Cl Xcp Cl 


OiCi Xcp DiCi XppCo OiCi 
ic 


■Cl. 
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We now appeal to the diagram 


DoCi X ©oDiCo X x BjCi x CiCi 


IjiXD^IxOiI 


Ix/dxI 

DqCi X DfCo X DiCo I 

Ix^oAtxl 

T_ _ _ _ ^ _ 7 dxDi 7 xDi 7 _ _ _ _ _ _ 

©qCi y^Co X ©iCq -©iCi X(jp DiCi X DiCi 


IXTD 

\ 

Xco 


/dxDi 7 


IXTDC 

f 

Xco lD>iCi, 


in which the lower rectangle commutes since composition of identities in C give iden¬ 
tities, and we can now rewrite ei o (Do"^! x 1) as follows: 


Ulo'^l XjUnJo 

]D)oUCi XjjgCg ©o®1^^0 XpoCo ®1^0 -^ ©0^1 XbqCo DqDiCo Xd^Co ®i^o 

IxInXl r, 

-^ Do^^i XboCo Di^o XboCo Di^o-^ ©qCi Xcq DiCq Xp^co Di^o 

IXTU -fDXBl/ ™ ^ ^IX^I ic ^ 

-^ DqCi Xco DiCo-^ DiCi Xco DiCi-^ C\ Xcq C\ -^ C\. 


However, we can now appeal to the diagram 


Dof/Ci Xpgc^ DqDiCq X DiCo 
Ix/dxI 

"^qUCi Xpgcg ©1^0 X DiCq 

IX^/iXl 


X DgDlCo X DiCq 
Ix/dxI 

DqCi X IED^Cq X Dj^Cg 

IXjg/iXl 


DoKiXc„l^ 

'i>QUC\ X Dj^Cq X Dj^Cq-^ DqCi X(Jq Dj^Cq x Dj^Cq 


Ix-yu 


Ixtid 


'^qUC\ X Dj^Cg 


Bqki x^j, 1 


Xco Dl^O 
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to conclude that the composite can be rewritten as 

DqI/Ci XjjgCp DqDiCo XdoCo ®i1-o-^ ^qUCi x 


1X ij, w X1 _ _ _ 1X '"yiD) 

-^ ^qUCi XdqCo XDqCo ®i^o - 


BgCo ® 1^0 X BoCo 

'OqUCi XogCo ®i^o 


Dqki X jjj 1 


DqI^i Xco Di^o 


7nxBi7 


which coincides with ei o (1 x 0). 

LUC C. 


©1^1 Xco DiCi-^ Cl Xco Cl -^ Cl, 

We may conclude that the counit descends to 


18. The actual left adjoint: the unit 


Our last piece of business is to verify that the unit map preserves the presheaf 
structure on morphism sets; this was not done for the unit to LM, since that is the 
one piece of the adjunction framework that fails, and therefore L is not the actual 
left adjoint. If we write tt : LMi —)■ LMi for the map on morphisms given by the 
coequalizer construction, the unit map is given by the composite 


Ml 


VI 


LMi 


LMi. 


Given a map f : M ^ N of ro-multicategories, the condition for preservation of 
presheaf structure can be expressed by the requirement that the following diagram 
commutes: 

/iXDn/n^i/o 

Ml XjigMo DiMo-^ Ni XdoAo DliVo 


bM 


biv 


Ml 




Ni. 


In our case, what we want is for the perimeter of the diagram 

Ml XpgA^Q DiMo-^ ULMi DiDqMo -^ ULMi DiDqMo 


bi 


Ml 


VI 


‘‘t’uLM j 

^ULMi 


Uw 


i’ULM 

ULMi 


to commute. However, although the right square does commute since we’ve shown 
that the D-algebra structure on LM descends to one on LM, the left square emphat¬ 
ically does not commute. 

Our strategy is hrst to express Gtt as a coequalizer, and then show that the two 
ways around the left square factor through the two maps that are coequalized by Un. 
We need the following elementary lemma. 
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Lemma 18.1. Suppose 

is a coequalizer diagram in Set/Z for some set Z, and let X be a set over Z. Then 
the induced diagram 

A XzX=£5 XzX - ^CxzX 

is also a coequalizer diagram. 

Proof. The coequalizer diagram can be decomposed as a coproduct of coequal¬ 
izer diagrams of fibers over the elements of Z, 

W-z&Z > W-z&Z ^ UzGZz ^ 2 - 

The conclusion now follows easily. □ 


In our application, we have LMi displayed in the coequalizer diagram 

DqMi DoHJiMo XppMo lOiTfo DoMi XdqMo ©iTfo —)■ LMi, 

and using the structure maps of source type throughout, all maps are over ©o^o- 
Since in general for a D-algebra C we have 

UCi = Cl Xcq 

and in our case Co = LMq = DqMo, we get 

ULMi = LMi XbqMo ©o"^o- 

Now the lemma tells us that ULMi arises as the coequalizer in the following diagram, 
where in the interest of space we have adopted our usual convention of suppressing 
DqMo’s in the subscripts on pullbacks: 

DgilLi X DiIILq X ©qIITo —1 ^ Diiffg X D^iffg —^ ULMi. 

Note that the middle term is ULMi, and therefore the coequalizer map is Ptt. The 
two maps for which f/TT is the coequalizer can be written as Dq'^i x 1^ and 1x0x1, 
since they also are induced from the maps dehning LMi as a coequalizer. 

We next introduce a map 


Ml XoqMo ©iTfo 


DqMi DqDiMo XbqMo ©iTfo XbqMo ^qMo 


given as p x^^ {p, In o So, Do?7 o S'd). We claim that the diagrams 

yi 


Ml XpqMo ©iTfo 


JqMi Xo-^Mq DqDiMo X ©iMq x DqMq 


Ml 


VI 


Do'01 


©0^1 X ©iMq X ©qMo 
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and 


Ml XppMo ©iMo 


»)Xdq,,Dh? 


ULMi DiDqMo 
l^ULM 


DqMi Xjj2^^ DqDiMo X ©iMq X DgMo > ]D)qMi x DiMq x 1D)qMq 


both commute, that is, that both ways around the left square above that does not 
commute instead factor through the two maps that are coequalized by Un, with the 
factorization provided by the map fj. This will establish that the perimeter of the 
rectangle does commute, verifying that the unit is in fact a map of ro-multicategories. 

We must still verify the two claimed diagrams. 

For the hrst diagram, we hrst expand the right vertical arrow as ( 17 , looS, Doh°>S'), 
from the dehnition of the unit map to ULMi. Now projecting to the hrst factor DqMi 
of the target gives us the diagram 


Ml XdqMo DiTfo — 
VXvV 

DoMi Xj} 2 mq Do©iMo 


ipi 


Ml 

I "n 


Bodi 


^0 


Ml, 


which is just a naturality diagram for p : 1 —)■ Dq, since the lower left corner is 
isomorphic to Do(Mi x^^Mo DiMq). Projecting to the second factor DiMq of the 
target gives us the diagram 


Ml Xo^Mo ^iMq 

P2 


ipi 


DiMt 


0 


>Sd 


Ml 

s 

I 

■ © 0^0 


DiMo, 


which is a consequence of the requirement that the presheaf action i/’i preserve the 
structure maps of source type. Projection to the third factor is almost the same 
diagram: we just compose with ©oh instead of 


Ml XoqMo ©iTfo 

P2 

© 1^0 -^ 


ipi 


Ml 

s 

f 

■ ©oMo 


DgMo. 


This completes verihcation of the hrst claimed diagram. 
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For the second one, we claim that both ways around the square coincide with the 
map T] X (1,Do?7 o 5'd). For the lower left composite, unpacking 1x0x1 results in 
the claim that 


Ml XdqMo DiMq 



commutes. To check this, we hrst simplify the left column by checking the projections 
to each factor in the target. The hrst DqMi clearly is the result of just r]o : Mi —)■ 
DqMi from the hrst factor of the source. Everything else arises from the factor DiMq 
in the source. The map to the second factor ©iMq in the bottom left corner is the 
identity, because of the diagram 


DqDiMo 




' ’ 


Di Afg- 


The map to the third factor, also DiMg, is simply Ijj,oSo, and therefore the composite 
with the multiplication 70 in the bottom arrow gives us the identity because of the 
commuting triangle 


DiMo ©iMo Xd„Mo DiMo 



DiMo 


We conclude that the left column simplihes as claimed. 
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What remains is to show that the upper right composite also simplihes to rj x 
(1 ,Do?7 o So). Here we begin by simplifying the top arrow as follows: 


Ml XppM'Q DiMo 




ULMi Xo'^Mo DiDqMo 


{ri,I-ooS,IiorioS)x'Biri 



{T],lj)oS)xO-i_ri 


qMi X DiMq X DqMq DiDqMq 

X ^ 1 

X ©j^iffg X Dj^IEDgiffg 


Now we need to discuss the presheaf action map on ULMi. The presheaf action on 
an underlying D-multicategory UC is given by the composite 


KlXc„l 

UCi Xpgf/Co Dif/Cg = UCi XjJqCo Dl^O — Cl Xqq DqCo XBqCo ®1^0 ^ ^ Cl Xco DiCg 


Cl Xco Xco Cl Xco DgCg Ci Xc, DgCg ^ UCi. 


Next, replacing C with LM, we can replace Ci with DgMi XoqMq ©iMi, and Cq with 
DgMg. Furthermore, the identity arrow : HDgMo —)■ 3 qMi XdqMo DiTfg is given 
by the components (DgJ, Id). Starting with the term 


Cl Xcq DiCg = DgMi XogMo DlTfg XpgM'Q DiDgMg, 

and suppressing the subscript DgMg’s as usual, we can express the presheaf action on 
ULMi as the composite 


DgAfl X DiTfg X DiDgiffg 


1^ X (DiBoli®! Id) 


DgMi X DiMg X ©iDgMi XjOiDoMo lOiTfg 


F X (/ioTe) X (m.-S’^) 


Sgiffl X ©iTfg X Dgiffi X D^iffg X ©giffg 


1x(DiT,Sb)x1' 


njgiffl X DiTfl X ©liffg X Dgiffg 


lx(TD,e)xl 2 


Sgiffl X Dgiffi X D^iffg X D^iffg X Dgiffg 


7mX7dx1 


Jgiffl X D^iffg X lEDgiVfg. 


Precomposing this with 


Adi X D^iffg 


(r},IjioS)xOir] 


DgAfi 


X DiiVfg X DiKDgiVfg, 
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we wish to show that the entire composite ends up being rj x (1, J^orjoSo). We proceed 
in steps, since the overall diagram is a bit large. First, we have 


Ml X ©iMo 


{ri,Ij}oS)x'Diri 


DgA/i X ©liV/g X ©iDgil^fQ 




(r),/noS') X (Di (Do/oj7),Dir?i) 

©0^1 X lOlMg X ©iDoMi XdiDqMo lOiMg. 

This diagram commutes by projecting to each factor of the target, and the only one 
that isn’t immediate is the last one, which is a consequence of the category structure 
on ro, and in particular the diagram 


Mn 


Vo 


VI 


Do Mg 
In 


Di Afg. 

Next, we have the following diagram, which can be pasted to the previous step, 

DgMi X DiMg X DiDgMi Xp^BoMo D^Mg 

(r),/]DO>S) X (Ml (Bo/oji),!!)! »7i) 


Ml X DiMg 


(r),/no>S’)x(DoloTb,l,Dor;o5o) 


1 X (/ioTn) X 


DgMi X DiMg X DgMi X DiMq X DqMo. 

Again, this commutes by projecting to each factor of the target, and the first two are 
immediate. The third one, to the second DgMi, commutes because of the following 
diagram: 

DiMg DiDgMg DiDgMi 


Op 




DgMi. 

Projection to the fourth factor, the second DiMg, merely expresses the monad identity 

Bi?7 ^ 

-^DfMg 


DiiVfg 



18. THE ACTUAL LEFT ADJOINT: THE UNIT 


137 


And the last one, to is the elementary diagram 


DiMo ©?Mo 

©oAfo ^ ©oI®iAfo > ^qMq. 

Bo»?i BqS 



Next, to be pasted to the previous step, is the diagram 


DoAfi X DiMq X DqMi X DiMq X DqMq 


Ml X ©liWo ■ 

(??Tb7oS') ><'cUBo)7o5b)^ 

DqMi X ©iMi 


i lx(Bir,SD)xl2 

X DiMq X ©0^0 


Projection to the first factor is clear, and to the second factor, ©iMq, is a consequence 
of 



Projection to the third factor relies on the fact that the map factors through the 
common projection to ©o^o in fh® pullback Mi x^^Mo ©lAfo from which all these 
maps emanate. The relevant diagram is as follows: 


Ml X ©iMo ^ Ml 


P2 


S 

'' 


©1 Afo 


n 


DqMo 


©oMi 
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The other two factors are clear. We next paste on the diagram 

©0^1 X DiMi X DiMq X DqMq 



DqMi X DqMi X DiMq X DiMq x DqMq. 

Here projection to the first factor is clear, and to the second is a consequence of 

DqMo DqMi 



lOiMi > DqMi. 

For the third projection, to the first factor of ©iMq, we appeal to the fact that the 
map factors through S : Mi —)■ DqMo, and so can just as well be expressed factoring 
through Tio) ; DiMq —)■ DqMo, since the source is the pullback along these two maps. 
The upper map can therefore be considered lol o Tb : DiMq — )■ DiMi. We then 
expand the dehnition of 6 as the composite 

DiMi DiDqMo BjMo —©iMq, 

and appeal to the following diagram: 



^iMi DiDoMo ^ DiMq. 

Projection to the last two factors is trivial. Finally, we paste in the diagram 

DqMi X ©0^1 X ©iMq x ©iMq x DqMo 



©oMi X ©iMo X ©gMo. 


Here projection to the first factor is a consequence of the right unital property of 
7 m, and projection to the second follows from the left unital property for yp. This 
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concludes the proof that the unit map preserves the presheaf structure, and therefore 
that we have, in fact, constructed a left adjoint to the forgetful functor. 
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